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Abstract: We consider the semilinear wave equation with power nonlincarity in one space 
dimension. We first show the existence of a blow-up solution with a characteristic point. Then, 
we consider an arbitrary blow-up solution u{x,t), the graph x ^ T{x) of its blow-up points and 
iS C K the set of all characteristic points and show that S has an empty interior. Finally, given 
xo S S, we show that in selfsimilar variables, the solution decomposes into a decoupled sum of (at 
least two) solitons, with alternate signs and that T{x) forms a corner of angle ^ at xq. 
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1 Introduction 

1.1 Known results and the case of non characteristic points 

We consider the one dimensional semilinear wave equation 

dlu = dl^u + \u\P-^u, 
n(0) = Uq and ?/t(0) = ui, 

where u{t) : x G M ^ u{x,t) e R, p > 1, uq e HJ^c u ^'^d ""i ^ ^f^^.^ with \\v\\'^2 = 

a€B.J\x-a\<l ^°<='^ 1°^-" 

We will also consider the following equation for p > 1, 

dlu = dl^u+\u\P, .^2) 
n(0) = Uq and ut{0) = ui. 

The Cauchy problem for equations (1.1) and (1.2) in the space Hj^^ ^ x L^^^ ^ follows from 
the finite speed of propagation and the wellposedness in x (see Ginibre, Soffer and 
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Velo [6]). The existence of blow-up solutions for equation (1.1) follows from Levine [9]. 
More blow-up results can be found in Caffarelli and Friedman [5], [4], Alinhac [1], [2] and 
Kichenassamy and Litman [7], [8]. 

If « is a blow-up solution of (1.1), we define (see for example Alinhac [1]) a 1-Lipschitz 
curve r = {(x, T{x))} such that u cannot be extended beyond the set called the maximal 
influence domain of u: 

D = {{x,t) \t <T{x)}. (1.3) 

T = 'mfx£RT{x) and T are called the blow-up time and the blow-up graph of u. An 
important notion for the blow-up graph is the notion of characteristic point (even though 
the existence of characteristic points remained unknown before this paper). A point xq is 
a non characteristic point (or a regular point) if 

there are Sq G (0, 1) and to < T{xo) such that u is defined on Cxg^T{xo),So^{'^ — ^o} (1-4) 

where C^j j = {{x,t) \ t < t — 5\x — x\}. We denote by TZ (resp. S) the set of non 
characteristic (resp. characteristic) points. 

Following our earlier work ([10]- [12]), we aim at describing the blow-up behavior for 
any blow-up solution, especially F and the solution near F. 



Given some {xo,Tq) such that < Tq < T{xo), a natural tool is to introduce the 
following self-similar change of variables: 



w^,,Toiy,s) = iTo-t)p-^uix,t), y=^^-^, s = -log{To-t). (1.5) 

If Tq = T{xq), then we simply write instead of tt'a.g -^(2,^). The function w = w^q^To 
satisfies the following equation for all y e B = B{0,1) and s > — logTo: 



q2 r 2(p+l) ^1 P+^a 0^)2 

o.„w = Lw — ttkW + \wr w tOsW — 2yo., „w 

(p — 1)"^ p—l 



(1.6) 



where Cw = -dy (p(l — y^)dyw) and p{y) = (1 — y'^)^-^ ■ (1.7) 
The Lyapunov functional for equation (1.6) 

E{w{s)) = Q {dswf + \ {dywf (1 - y2) + ^^^y - ^l^r') (1-8) 

is defined for (w, dsw) G Ji where 

n = \^\ \\qfu = J'^ (qj + {q[f (1 - y^) + q^) pdy < +oo| . (1.9) 

We will note 

no = {re HU-1, 1) 1 ||r||^„ = £^ {r'\l - y') + r') pdy < +00}. (1.10) 
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We also introduce for all \d\ < 1 the following stationary solutions of (1.6) defined by 



K{d,y) = Ko ■ 2- where Ko = 7 ttt and < 1. (1.11) 

(^l + dy)^ Vb-l)V 

When xq is non characteristic, we have a good understanding of the solution's behavior 
near xq. More precisely, we established the following results in [12] and [13]: 

(Blow-up behavior for xq G TZ, see Corollary 4 in [12], Theorem 1 (and the following 

remark) and Lemma 2.2 in [13]). 

(i) The set of non characteristic points TZ is non empty and open. 

(a) (Selfsimilar blow-up profile for xq G TZ) There exist positive //q and Cq such that 
if xo G TZ, then there exist So{xo) > 0, d{xo) G (—1,1), [^(xo)! = 1, so(xo) > — logr(a;o) 
such that for all s > sq: 

( w^,,{s) 

Moreover, E{wxo{s)) — ^ E{kq) as s ^ oo. 

(Hi) The function T{x) is on TZ and for all xq G TZ, T'{xq) = d{xQ) G (—1,1). 
Moreover, 0{xq) is constant on connected components ofTZ. 



9{xo) 
eixo) 



Hi{d{xo),.) 


K{d{xo),.) 




(1.12) 



n 



Hivr.arii/i^-i-i-^n"! 



as s ^ oo. (1.13) 



1.2 Existence of characteristic points 

For characteristic points, the only available result about existence or non existence is due 
to Caffarelli and Friedman [5] and [4] who proved (using the maximum principle) the non 
existence of characteristic points for equation (1.1): 

- under conditions on initial data that ensure that for all a; G M and t > 0, u > and 
dtu > (1 + (5o)|<9a;^^| for some 6o > 0, 

- for p > 3 with uq > 0, -ui > and {uo,ui) G x C^(M). 

From this example, it was generally conjectured by most people that there were no 
blow-up solutions for equation (1.1) with characteristic points: for all {uo,ui) which lead 
to blow-up, TZ = M.. 

Our first result is to disprove this fact. Existence of characteristic points is seen as a 
consequence of two facts: 

- on the one hand, the study of the blow-up profile at a non characteristic point, 

- on the other hand, connectedness arguments related to the sign of the blow-up profile. 

To state our results, let us consider u{x,t) a blow-up solution of equation (1.1) (take 
for example initial data (uo,iti) G x L^(M) satisfying 

/ (l\d.uof + l:ul-^\uorAdx<0, 

which gives blow-up by Levine [9] ) . The first result follows from the study near a regular 
point, that ensures the existence of an explicit signed profile. 
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Proposition 1 If the initial data {uo,ui) is odd andu{x,t) blows up infinite time, then 
OeS. 



The second one follows from the continuity of the profile on the connected components of 
TZ (see Theorem 1 in [13]). 

Theorem 2 (Existence and generic stability of characteristic points) 
(i) (Existence) Let ai < 02 be two non characteristic points such that 

Wai{s) — >■ 6{ai)K{dai, •) OS s — > GO with 0{ai)6{a2) = —1 

for some dai in (—1,1), in the sense (1.12). Then, there exists a characteristic point 

c £ (01,02). 

(a) (Stability) There exists eo > such that if \\{ilo,iLi) — {uo,ui)\\-^i ^L^ < ^0; 

loc.u loc,u 

then, u{x,t) the solution of equation (1.1) with initial data {uq,u\) blows up and has a 
characteristic point c G [ai, 02]. 

Remark: It is enough to take {uq,ui) with large plateaus of opposite signs to guarantee 
that u{x,t) blows up satisfying the hypotheses of this theorem. 

Since a solution in one space dimension is also a solution in higher dimensions, we get 
from the finite speed of propagation the following existence result in N dimensions: 

Corollary 3 (Existence of characteristic points in higher dimensions) Consider 
u{xi,t) a blow-up solution of (1.1) in one space dimension with a characteristic point. 

Then, for R large enough, initial data {uq,ui) such that Ui{x) = Ui{xi) for \x\ < R, the 
solution u{x,t) of equation (1.1) with initial data {uo,ui) blows up and has a characteristic 
point. 

1.3 Non existence results for chciracteristic points 

In this section, we give sufficient conditions under which no characteristic point can occur. 

Our analysis in fact relates the fact that xq is a characteristic point to sign changes of the 
solution in a neighborhood of {xo,T{xo)). We claim the following: 

Theorem 4 Consider u{x,t) a blow-up solution of (1.1) such that u{x,t) > for all 
X G (ao, 60) and to <t < T{x) for some real oq, bo and to > 0. Then, {oq, bo) C TZ. 

Remark: This result can be seen as a generalization of the result of Caffarelli and Fried- 
man, with no restriction on initial data. Indeed, from our result, taking nonnegative initial 
data suffices to exclude the occurrence of characteristic points. 

Considering the equation (1.2), we get the following twin result of Theorem 4: 

Theorem 4' The set of characteristic points is empty for any blow-up solution of equation 
(1.2). 
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1.4 Shape of the blow-up set near characteristic points and properties 
of cS 



We have the following proposition: 



Proposition 5 {S has an empty interior) Consider u(x,t) a blow-up solution of (1-1) ■ 
The set of characteristic points S has an empty interior. 

Remark: This implies in particular that S has zero measure. Direct arguments give no 
more than the fact that 5 7^ M (a point xq such that T{xq) is the blow-up time is non 
characteristic; see in page 3 point (i) of the result of [12] and [13]). The proof of Proposition 
5 uses the description of the solution in the w variable as a non trivial decoupled sum of 
(at least 2) ±K(di(s)) (see Theorem 6 below). 

Now, wc have the following theorem, which is the main result of our analysis, where for 
a given xq G 5, we are able to give the precise behavior of the solution near (a;o,T(xo)): 

Theorem 6 (Description of the behavior of Wx^^ where xq is characteristic) Con- 
sider u{x,t) a blow-up solution of (1.1) and xq G S. Then, it holds that 



as s ^ 00, for some 

and continuous di{s) 
Cq > 0, for all i = 1, 



/ k(xo) 

e*ti{di{s),- 

1=1 
V 



and E{w^o{s)) k{xo)E{KQ) (1.14) 



n 



k{xo)>2, e* = el{-iy+' 

= — tanh(^j(s) G (—1,1) fori = 1 
.,k{xo) and s large enough, 

{kixo) + l)\ {p-l 



...,k{xo). Moreover, for some 



I — 



log s 



< Cn. 



(1.15) 



Remark: In [12], we proved a much weaker version of this result, with (1.14) valid just 
with k{xo) > and no information on the signs of e|, Ci(*) and Cfe(s). Note that eliminating 
the case 

k{xo) = 

is the most difficult part in our analysis. In some sense, we put in relation the notion of 
characteristic point at xq and the notion of decomposition of Wxq in a decoupled sum of (at 

least 2) zizK{di{s)). This result can be seen as a result of decomposition up to dispersion 
into sum of decoupling solitons in dispersive problems. According to the value of k{xo), 
this sum appears to have a multipole nature (dipole if k{xQ) = 2, tripole if /c(xo) = 3,....). 
In some sense, it says that the space is a critical space to measure dispersion and blow- 
up in the cone (i.e. if E{wx„^To) < E{ko), then: 

- T{xo) > To and the solution can be extended in a strictly greater cone; 



- [w. 



xo,To^dsWxo,To) converges as s — 00 to zero in x of the cone slice). 



Remark: Estimate (1.15) comes from the fact that the centers' positions Q{s) satisfy 
the finite-dimensional Toda lattice system given in (3.3) (which is an integrablc system). 



Prom (1.15), we see that the distance between two solitons Ci+il*) ~ Ci(*) 



(p-i) 



logs 
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^log|log(r-t)| ast^r(xo). 

lir = E ^-^f^^ then we see from (1.15) that r soUtons go to — oo as s ^ oo (for i = 1, .., r) 
and r solitons go to +00 (for i = k{xQ) + 1 — r, ...,k{xQ)). If k{xQ) = 2r + 1, then the 
central soliton (for i = r + 1 = M£^±l) stays bounded for s large. 

Extending the definition of k{xo) defined for xq € 5 in Theorem 6 by setting 

k{xo) = 1 for all xq e TZ 

and using the monotonicity of the Lyapunov functional E{w), we have the following con- 
sequence from the blow-up behavior in the characteristic case (Theorem 6) and in the non 
characteristic case (the result of [12] cited here in page 3): 

Corollary 7 (A criterion for non characteristic points) 

(i) For all € M and sq > — logr(a;o), we have 

Eiwccoiso)) > k{xo)E{Ko). 

(ii) If for some xq and sq > — logT(xo), we have 

Eiw^,{so)) <2E{kq), 

then xq G TZ. 

We also have the following consequences in the original variables: 

Proposition 8 (Description of T{x) for x near xq) 

(i) If Xq G 5 and < |x — xo| < Sq, then 

< T{x) - T{xo) + \x- xo\ < ^"'"^ 'Xni-Dfr-D - (1-16) 

|log(,T-Xo)| 2 

for some Sq > and Cq, where k{xo) is defined in Theorem 6. 

(ii) If Xq G S, then T{x) is right and left diff'erentiable at xq, with 

r/(xo) = 1 and T^{xo) = -1. 

(Hi) For all t G [^'(a^o) — ^0,^(2^0)) for some tq > 0, there exist zi{t) < ... < Zk{t) 
continuous in t such that 

eU-iy+\{zi{t),t)>0 

and Zi{t) Xq as t ^ T{xo). 

Remark: Prom (iii), we have the existence of zero lines xi{t) < ... < Xk-i{t) (not 
necessarily continuous in t) such that u{xi{t),t) = and Xi{t) — Xq as t — r(xo). 
Remark: In a forthcoming paper [14], we improve (1.16) by finding a lower bound of the 
same type as the upper bound. 

The paper is organized as follows. Section 2 is devoted to the proofs of Proposition 1 
and Theorem 2 (note that Corollary 3 follows straightforwardly from Theorem 2 and the 
finite speed of propagation). In Section 3, we consider a characteristic point and study the 
equation in selfsimilar variables. As for Section 4, it is devoted to the proof of Theorems 
6, 4 and 4', as well as Propositions 5 and 8 (note that Corollary 7 is a direct consequence 
of Theorem 6 and the result of [12] cited here in page 3). 
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2 Existence and stability of characteristic points 

Here in this section, we consider u{x,t) a blow-up solution of equation (1.1). As men- 
tioned in the introduction, we prove in this section the existence of characteristic points 
(Proposition 1 and Theorem 2). 

Proof of Proposition 1: Assuming that (uq,ui) is odd, we would like to prove that 

G 5. Arguing by contradiction, we assume that ^ TZ. 

On the one hand, using the result of [12] stated in (1.13), we see that for some d{0) G 
(-1,1), 

||u;o(s) - K{d{0), < C\\wois) - K{d{0), ■)\\m{-i,i) ^ as s -> oo. 

In particular, 

|ti;o(0, s)| K{d{0), 0) > as s ^ oo. (2.1) 

On the other hand, since the initial data is odd, the same holds for the solution, in 
particular, u{0,t) = for all t G [0,r(0)), hence wo(0,s) = for all s > — logT(O), which 
contradicts (2.1). This concludes the proof of Proposition 1. ■ 
Remark: We don't need to know that for xq G TZ, Wxq converges to a particular profile 
to derive this result. It is enough to know that Wx„ approaches the set {9{xQ)K(d, •) | \d\ < 

1 — T]} for some rj > 0, which is a much weaker result. 

We now turn to the proof of Theorem 2. It is a consequence of three results from our 

earlier work: 

- the continuity with respect to initial data of the blow-up time at xq G TZ. 

Proposition 2.1 (Continuity with respect to initial data at xq G TZ) There exists 
^0 > such that T{xo) T{xo) as (uctti) —>■ {uo,ui) in x L^(|x| < Aq), where T(xo) 
is the blow-up time of u{x,t) at x = xq, the solution of equation (1.1) with initial data 
{uo,ui). 

Proof. This is a direct consequence of the Liouville Theorem and its applications given in 
[13]. See Appendix A for a sketch of the proof. ■ 

- the continuity of the blow-up profile on TZ proved in Theorem 1 in [13] (in particular, 
the fact that 9{xo) given in (1.12) is constant on the connected components of TZ). 

- the following trapping result from [12]: 

Proposition 2.2 (See Theorem 3 in [12] and its proof) There exists eo > such 
that if w G C{[s* ,oo),T-i) for some s* is a solution of equation (1.6) such that 

< e* (2.2) 

H 

for some d* = — tanh^*, lv* = ±1 and e* G (0, eo], then there exists c?oo = — tanh^oo such 
that 

0. (2.3) 

H 
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Vs > s*, E{w{s)) > E{ko) and 



w{s^-) 
dsw{s*) 



— u 



Kid* 




|Coo-ri<Coe* and 



w{s) 
dsw(s) 



UJ 







Let us use these results to prove Theorem 2. 



Proof of Theorem 2: We consider ai < 02 two non characteristic points such that 
Waiis) 9{ai)K{dai, ■) with 9{ai)9{a2) = —1 for some d^. in (—1,1), in the sense (1.12). 
Up to changing u in —u, we can assume that 9{ai) = 1 and 9{a2) = —1. We aim at 
proving that (ai, 02) n 5 7^ and the stabihty of such a property with respect to initial 
data. 

(i) If we assume by contradiction that [ai, 02] C 7?., then the continuity of 9{xq) where 
xq G [01,02] implies that 9{xq) is constant on [01,02]. This is a contradiction, since 

9{ai) = 1 and 61(0,2) = -1- 

(ii) By hypothesis and estimate (1.13), there is > and sq € such that 



dgWaiiso) 



-9{ai 







H^xL2{\y\<l+So) 



- 2 



where eo is defined in Proposition 2.2. Prom the continuity with respect to initial data for 
equation (1.1) at the fixed time T{ai) — e~^°, we see there exists r/(eo) > such that if 



{uo,ui) - (no, wi)||h 



loc,u loc,u 



then u{x,t) the solution of equation (1.1) with initial data (uo,ui) is such that Wai{y,so) 
is defined for all [yl < 1 + (5o/2 and 



dgWai (so) 



9{ai 



K{da 





i?ixL2(|j/|<l+5o/2) 
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where is the selfsimilar version defined from u{x,t) by (1.5). 

From Proposition 2.1, wc have T(aj) T{ai) as 77 0, where T{ai) is the blow-up time 
of u{t) at Oj. We then have for rj small enough. 



9{ai 







< eo. 



(2.4) 



n 



Two cases then arise (by the way, we will prove later in Theorem 6 that the Lyapunov 
functional stays above 2E{kq) at a characteristic point, which means by (2.4) that Oj and 
02 are non characteristic points for rj small enough, but we cannot use Theorem 6 for the 
moment) : 

- If a\ or 02 is a characteristic point of n(t), then the proof is finished. 

- Otherwise, (1.12) holds for iDq. from the fact that the point is non characteristic. Thus, 
from the monotonicity of E{waiis)), (2.2) holds with lu* = 9{ai). Applying Proposition 
2.2, we see that Wai{s) — > 9{ai)K{dai, •) as s — > 00, for some da- G (—1,1). Noting that 
9{ai) = 1 and ^(02) = —1, we apply (i) to get the result. This concludes the proof of 
Theorem 2. ■ 
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3 Refined behavior for where xq is characteristic 

In this section, we consider xo G S. We know from [13] that 



Wxois) 
dsWxoi-s) 



k{xo) 
- J] Si 

i=l 



K{di{s), •) 




as s — oo 



(3.1) 



n 



for some A:(xo) > 0, Cj 
1, k{xo) with 



±1 and continuous di{s) 



tanh^j(s) G (—1,1) for i 



Ci(s) < ... < Ckixo){s) and Ci+iis) - di^) ^ oo for all i = 1, ...,k- 1. 



(3.2) 



Since Wxq{s) is convergent when k{xo) < 1 (to when fc(xo) = and to some K{doo) by 
Proposition 2.2), we focus throughout this section on the case 

k{xo) > 2. 

For simplicity in the notations, we forget the dependence of iDj^,, and k{xQ) on xq. 
This section is organized as follows. In Subsection 3.1, assuming an ODE on the solitons' 
center, we find their behavior. Then, in Subsection 3.2, we study equation (1.6) around 
the solitons' sum and derive in Subsection 3.3 the ODE satisfied by the solitons' center. 
Finally, we prove in Subsection 3.4 the corner property near characteristic points. 



3.1 Time behavior of the solitons' centers 

We will prove the following: 

Proposition 3.1 (Refined behavior of w^^ where xq € S) Assuming that k > 2, there 
exists another set of parameters (still denoted by (^i{s), ... Ckis)) such that (3.1) and (3.2) 
hold and: 

(i) For alli = l,...,k, e., = {-ly+^ei. 

(a) For some Cq > 0, for all i = 1, ...,k and s large enough, we have: 

h ^ — I — ^ — logs -Co <Ci(s) < h ^ — 1 — ^ — logs + Co. 

The following finite-dimensional Toda lattice system satisfied by (Ci(s)) is crucial in our 
proof: 

Proposition 3.2 (Equations satisfied by the solitons' centers) Assuming that k > 
2, there exists another set of parameters (still denoted by Ci(^); ••• Ck{s)) such that (3.1) 
and (3.2) hold and for all i = 1, A; and s large enough: 

-C; = -ei-ieie-^^^'^'-^'-'^ + eiei+ie-l^^^^'+'-^'~^ + Ri (3.3) 
ci 

k-l 

where \Ri\ < CJ^+^\ J{s) = ^e-^^^^+'^'^-'^'^''^\ (3.4) 

i=i 

eo = Cfe+i = 0, for some ci > and c^o > 0. 



9 



Proof: See subsection 3.3. ■ 
Let us now give the proof of Proposition 3.1. 

Proof of Proposition 3.1: We proceed in two parts, proving (i) and then (ii). 
Part 1: Proof of (i) 

Given some so G M, we first define for all s > sq, Jo{s) and jo{s) G {1, k — 1}, 

Jo{s)= max re-/3(f»+i(^')-0(^'))(^5' = re-/3(goW+i(^')-C,ow(^'))rf5' (3.5) 
i=i,..k-ijg. 7„. 



'so •'so 

2 



where P = Then, we claim that 

Jo(s) — > 00 as s — > 00. (3.6) 

Indeed, we write from (3.3) and (3.5) |0(s) - Ci{so)\ < CY!IiI J'^ e-I^^Ms')-Ci{s'))^gf < 
CJo(s) and (3.2) implies (3.6). 

Integrating equation (3.3), this yields as s — 00 for all i = 1, k: 



Ci(s) + ... + 0(s) 



Ci(s) + ... + Cfe(s) Cl 



= e^e^+i^ re-^(^^+i(^')-<*(^'))ds' + o(Jo(s)), (3.7) 

« Jsn 

re-/3fc(s')-Ci-i(s'))(is' + o(Jo(s)). (3.8) 

^ Jsn 



k — i + 1 ^ ^ ^ 'k — i + ^ J 



Using (3.2), we write for s large. 



Ci(g) + ... + Cjo(s)(g) ^ Cjo(s)+l(g) + - + Cfc(g) 

jo{s) k-jo{s) 
« Jo(s) 

jf.^^.^^^^i Cio(s)+i(g) + - + Cfc(g) ^ Ci+i(s) + - + a(s) 



A:-jo(s) fc-z 
Then, using (3.7), (3.8) and (3.5), we write for s large, 

ejo(s)ejo(s)+i-^^o(s) < -ejois)ejo{s)+i-^^j^Ms) + o{Ms)), 
if z<jo(s), 

e,e,+i^ e-'^(^'+^(^')-f'(^'))ds' < e,„(,)e,„(,)+i^^-^ Jo(s) + o(Jo(s)), (3.9) 
if i>jo(s), 

_ cie (.)e 0+1 ^ < -e,e,+i-^ f e-^K.+i(s')-C.{s'))rf,/.(3.10) 

k-Jo{s) k-ijg^ 

Therefore, for s large, Jq{s) (ejo(s)ejo(s)+i(^ + fc4o(s) ) + "(^)) - 0' 

eio(s)ejo(s)+i = -1- 
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Then, (3.9) and (3.10) write together with (3.5) 

which gives for all i and s large, 

e^e^+i = -1 and '-^ < f e-'3(0+i(-')-C.(^'))d5' < j^^s) ^ oo. (3.11) 
Co Jso 

Using a finite induction, we get Cj = (— l)*+^ei. This closes the proof of (i) of Proposition 
3.1. 

Part 2: Proof of (ii) 

Using (i), we rewrite system (3.3) in the following: 

Corollary 3.3 (Equations satisfied by the solitons' centers) Assuming that k > 2, 
it holds that 



ci 

ifi = 2,..,k-l, — C- = e"^^'^*"^'-^^ _e-?^(^'+i-^') (3.12) 
ci 

^('^ = £-^('^'=-^'=-1) +Rk 

with l-Ril < CJ-^+^° for s large enough. 
Introducing 

Liis) = Ci+iis) - (lis), where i = 1, k - 1 (3.13) 
and ^ 

^(^) = E 4~'Sj{s) where Sjis) = ^ L,(s), = ^ (3.14) 
j=l i=j 

and 

r = E G N* (note that either A; = 2r + 1 or A; = 2r), (3.15) 
we claim that (ii) follows from the following: 

Lemma 3.4 Assuming that k > 2, the following holds for s large enough: 
(i) For some Co > and for all z = 1, .., A — 1, 

|Li(s)-Li(s)| <Co. 
2 ^ ~ ci - ^ 
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Let us first derive (ii) from Lemma 3.4 and then prove Lemma 3.4. 

Using (i) of Lemma 3.4, we see that (3.14) and (ii) of Lemma 3.4 give for some Cq > 
and s large enough, 

Liis) -Co < ^ < Li{s) + Co with 7 = ^ 4~\k + 1 - 2j) > 0, (3.16) 

— e p-i ^ ' < a [s) < Coe p-i ^ '. 
Co 

Therefore, for s large enough, we have 

1 2_ct(£) 2_£(£) 1 2 ct(s) 

— e p-1 7 < cr (s) < Coe p-i t and — < (e^-i t ) < Co- 
Integrating this and using (3.16), we see that for s large, we have 

S 2 ajs) 

— -Co < ef-i 7 <Cos + Co, 

logs -Co < ^^<logs + Co, 
2 

logs -Co < ^— yLi(s) < logs + Co. 
Using (i) of Lemma 3.4, we see that for all i = 1, fc — 1 and s large enough, we have 

log s - Co < Liis) < log s + Co. (3.17) 

Therefore, we write from Corollary 3.3 

k 



Co 

k k ^^-^^"^ ^ - "V"/ ^ ^i+so 

1=1 



(Ci(^) + -^+a(^)y ^ I ^«^(,) < cjisr^, < 



for s large enough. Hence, 

7/ X _ Cl('S) + ••• + Cfe('S) , T .„^„. 

({s) = 7 converges to some Co as s — oo. (3.18) 

Now, according to (3.15), we consider two cases: k = 2r and A; = 2r + 1. 

Case A; = 2r. Using the definition (3.13) of Lj and (i) of Lemma 3.4, we see that for 
all j = l,...,r, 

-Co < - (rmpM-^ _ (m±A±M _ < Co. (3.19) 
Since we have from (3.18), 

Cr-(s) + Cr+l(s)\ / Cr{s) + Cr+l(s) 



1^ (Cr+i(s) 
.7 = 1 ^ 



r 



Cr+l-i(s) 



E/^ ^ N , A ^ ^^ O (Cr(s) +Cr+i(s)) 
(Cr+i(s) + Cr+l-i(s)) - 2r 2 

Cr(s) + Cr+l(s)' 



k Cis) 



12 



we see from (3.19) that for s large enough, 

-Co < as) - < Co, 

and from (3.18), we see that 

-Co < ^-(^)+^^-+^(^) < Co. (3.20) 

Now, since we have from the definition (3.13) of Lj and (3.17) for all i = I, ...,k and s 
large enough, 

(i - (r + 5))^log» - Co < (M - m±A±M < _ (, + ,og, + Co 

and r + ^ = ^y^, the conclusion of (ii) follows from (3.20), when k = 2r. 

Case A; = 2r + 1. We omit the proof since it is quite similar to the case k = 2r (one 
has just to handle (r+i instead of 

It remains to prove Lemma 3.4 in order to finish the proof of Proposition 3.1. 

Proof of Lemma 3.4- We first derive from Corollary 3.3 the following ODE system 
satisfied by the Li{s): 

Claim 3.5 Assuming that k >2, it holds that for all i = 1, ...,k — 1 and s large enough, 
ci 

where \Ri\ < CJ^~^^° with the convention Lo{s) = +oo and Lk{s) = +oo. 

The proof of (i) in Lemma 3.4 is much longer than the proof of (ii). Therefore, we first 
derive (ii) assuming that (i) is true, then we prove (i). 

(ii) Using Claim 3.5, the fact that Ri = o{J) and (3.14), we see that for j = 2, ..,r, we 
have 

—SUs) = e"^^^'^'^ + e'^^"-'^'^ - e-F^^^-i(') - e~^^''-'+''''^ + o(J(s)), 

Cl 

-S[{s) = e'^^'^'^ + 6-^^"-'^'^ + o{J{s)) 

Cl 

as s — > +00. Therefore, using (3.14), we write 

a'{s) = ^'£ei-'S'^{s) = 24-i(l-eo)(e-i^^^(^)+e-i^^'=-(^)) 

r—1 

as s ^ GO. Since for all j = 1, r — 1, < eg" (1 — eo) < 1 and eQ~^ < 1, the conclusion 
of (ii) of Lemma 3.4 follows by taking s large enough. 
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(i) Proceeding by contradiction, we consider a sequence (pn ^ oo and find two se- 
quences Sn < s'j^ both going to +00 as n ^ +00 such that 

L{sn) = Vn, L{sn) = + and Vs G (s„, 4], L{s) > ipn, (3.21) 

where 



Introducing 

we see from (3.21) that 



L{s) = max Li{s) — min Li[s). (3.22) 

i=l,...,k—l i=l,...,fe— 1 



nin = min Li{sn) and M„ = max Li{sn), (3.23) 

j=l,...,k-l j=l,...,k-l 



Mn — "rnn = L{sn) = <Pn ^ 00 as n ^ 00. (3.24) 
Up to extracting a subsequence, we assume that for alH = 1, /c — 1, we have 

Li{sn) — fhn li & [0, +00] as n ^ 00. (3.25) 

Introducing 

Io = {i = 1, k-l\li = 0}, I+ = {i = l, k-l\lie{0, +00)} 

and loo = {i = Ij k — 1 \ li = +00}, (3.26) 

we see that {1, fc — 1} = Iq U 1+ U 1^ and that Iq 7^ 0. 

Let us now introduce the following change of variables for alH = 1, /c— 1 and s G s^], 

o-i n{&) = L'i{s) — rUn where s = s„ + (3.27) 

Cl 

where ci appears in Claim 3.5. Using Claim 3.5 and the fact that Ri = o{J) as s — ^ 00, 
we see that for all i = 1, k — 1 and ^ > 0, 

a'.^^{e) = -e'^""'-^'"^^^ + 2e"^''''"^^^ - e'^'^'+i'^^^) + o e"^"^>^^^ j (3.28) 

as n — ^ 00, where we take by convention ao,n(^) = +00 and ak,n{P) = +00. Now, fixing 

^0 = e~i^, 

we claim the following: 

Claim 3.6 For all r]o > 0, there exists no G N such that for all n > no, i = 1, k — 1 
and 9 € [0, ^o]? we have 

-4 < ai,n{e) <^n + Vo- (3.29) 
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Proof: See below. ■ 
Using equation (3.28) and Claim 3.6 (with rjo = 1), we see that for some Cq, for all n > no, 
i = I, k — 1 and 6 G [0, ^o], we have 

|a^,„(^)| <Co. (3.30) 

Using Ascoli's theorem, (3.25) and the definition (3.27) of ai,„, we see that for all i = 
1., , , .k — 1, 

ai,n{0) ai{6) as n ^ oo, uniformly for e [0, 6*0], (3.31) 

where ai{9) = +00 if i G Iqo, and G C{[0,6o]) if not. Moreover, getting to the limit in 
equation (3.28) and introducing ao{6) = +00 and afe_i(0) = +00, we see that the vector 
{ai{9))i satisfies the following system (first in an integral sense, then in a strong sense): 

a'.{9) = -e-?^"'-!^') + 2e-i^"'(^) - g-i^^'+i^^^ (3.32) 
for all 9 G [0, ^o] , with initial data 

ai(0) = Zi G [0,+oo]. (3.33) 

Using (3.30), we see that 

Vi G /o U /+, G [0, ^o], \ai{9)\ < Co- (3.34) 

Now, we claim that for alH = 1, A; — 1 and for some 9i G (0, ^o], we have 

ai{9) > for aU 9 G (0, 6^]. (3.35) 

Indeed, if i G /qo, this is clear from the convergence (3.31). 
If i G I+, then this is clear from (3.34). 

Now, if z G Jo, then we define ri and r2 in {0, fc} U /qo U /+ such that ri < i < r2 and for 
all j = ri + 1, ...,r2 — 1, j G Iq. Therefore, we have from (3.26) and (3.33), 

ar,{0) > 0, 0^2(0) > and if n <j< r2, then 0^(0) = 0. (3.36) 
The following Claim allows us to conclude: 
Claim 3.7 For some So > 0, we have 

Vi = ri,...,r2, V^G(0,5o], a,(0) > 0. (3.37) 

Proof: See below. ■ 
Applying Claim 3.7, we see that (3.35) holds. 

Using (3.35) and introducing 6 = infi=i^...^fc_i 6'i G (0,^o], we see that for some a > 0, 
we have 

Vz = 1, k-l, ai{9) > 4a > and ai{9) > for all 9 G [0, §]. 
Prom the convergence (3.31), we see that for n large enough, we have 

Vi = l,...,k- 1, Qi^niO) > 3a > and ai{9) > for aU 9 G [0,^]. 
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Using Claim 3.6 (with rjo = min(d,|)), we see from the definitions (3.27) and (3.22) of 
Oj_„ and L{s) that for 



Cl 



we have 



L{sn) < mn + ifn + Vo- im-n + 3a) = ifn + Vo- < ifn- 2a,(3.38) 

1 11 

Vs G [Sn, Sn], L{s) < ITln + + m - ("T-n - = fn + + -< ipn + 1^- (3.39) 

Since wc have from (3.21) and (3.39) that Sn < s^, we see that (3.38) is in contradiction 
with (3.21). It remains to prove Claims 3.6 and 3.7 in order to finish the proof of Lemma 
3.4. 

Proof of Claim 3.6: Note first from the definitions (3.27) and (3.23) of Oj^ji, m„ and 
Mn, and from (3.24), that we have for all n G N and i = 1, k, 

< ai,„(0) < ipn. (3.40) 

Consider ijq > 0. Proceeding by contradiction to prove Claim 3.6, we define a subsequence 
(still denoted by (ai,„)„) such that for all n G N, there is 9* = 9*{n) G (0, ^?o) such that 
(3.29) holds for all i = 1, k — 1 and 9 G [0, 9*], and for some i* = i*{n), we have 

either ai*^n{d*) = -4 or ai*^n{0*) = ^n + Vo- (3.41) 
Prom (3.40), we can define 9 = 9{n) G [0,6'*] such that 

ai*,n{9) = ifn and V0 G [9, 9%a,,,,{9) > ^n- (3.42) 

Since (3.29) holds for all i = 1, ...,k — 1 and 9 G [0,^*], we derive from equation (3.28) 
that for n large enough and 9 G [0, 9*], 

^ k-l 

a' (9) > -e-i^"'*-i-"(^^ + 2e~i^"'*'"(^) - e-?^"'*+i'"(^) — V e^i^"^>(^) 

I ,n\ / — -j^ / J 

8 8 1 8 8 

> — ep-i + — ep-i — .{k — l)ep-i = — 3ep-i . 

k — 1 

Integrating this for 9 G [0,^*] and using (3.40), we get 

ai*,n{^*) > ai*,„(0) - 30*e^ > -30oe^ = -3, (3.43) 

on the one hand. 

On the other hand, from equation (3.28), (3.29) (valid for 9 G [0,6'*]) and (3.42), we have 
for n large enough and for all 9 G [9, 9*] , 

fc-i 

< + 2e P-1+0+ ,,, , fc - l)ep-i < — ep-i. 
~ 4(A; - 1) 2 
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8 

Integrating this for 9 G [9, 9*], using (3.42) and the fact that 9* - 9 < 9q = e p-i , we get 

ai*,n{e*) < ai.,n{e) + ^e^(r _ ^) < + |. (3.44) 

Since (3.43) and (3.44) are in contradiction with (3.41), this concludes the proof of Claim 
3.6. ■ 

Proof of Claim 3. 7: In order to conclude, it is enough to prove that for all Z = 0, .., Z* = 
E{^^), we have 

> 0' 42-/(0) > and if n + / + 1 < J < r2 - / - 1, then af {{)) = 0, (3.45) 
where we use the notation 

/*^°) = / and /(^) is the I - th derivative of /. 
Indeed, if (3.45) holds, then it is easy to see that for any j = ri, r2, we have 

af{Q) > and if < i' < Z - 1, then af'\Q) = 
where I = j — ri ii j < I* and I = r2 — j H j > I* + 1, hence 

U 

and (3.37) holds. It remains then to prove (3.45) in order to conclude the proof of Claim 
3.7. 

If Z = 0, then (3.45) is true by (3.36). 

In order to prove (3.45) for all I = 1, ..,/*, we proceed by induction. 

- If Z = 1, then using (3.32) and (3.45) (with Z = 0), we write 

a;^+i(0) = -e^^^'^'^i^"' + 2 - g-^^^-i+^W > 1 _ e-?^"'^!^^) > 0, 
a;^_i(0) = -e-^^^'-^-^^o) + 2 - e" A^'-^W > l - g-^^^^^^o) > 0, 
ifri + 2< j<r2-2, a^(0) = -1 + 2-1 = 0. 

- Take I = 2, ...,Z* and assume that (3.45) holds for any I' = 0, ...,Z — 1. Therefore, it is 
easy to see that 



« (0) , m 
%(^) ~ -^-ir^^ as ^ ^ with a '^(0) > 0, 



a^;+V_i(0) > and if < / < Z - 2, j^_i(0) = 0, 
if n + Z <j <r2-Z, a5^"^(0) =Ofor all/ = 0,...,Z-l, (3.46) 

4'--ii(0) > and if < / < Z - 2, 4f!^+i(0) = 0. 

In the following, we prove that (3.45) holds for Z. Starting from equation (3.32), we prove 
thanks to a straightforward induction that 

2 



(3.47) 
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where P2 = and for I > 3, P/ is a polynomial oi I — 2 variables satisfying 

P,(0,...,0)=0. (3.48) 
Using (3.47), (3.46) and (3.48), we write 







.i(o)+«r+ii(o)> 


(1- 

<- 


-1) 






-i(0) + «t-ii(0)> 


<■ 


-1) 


ar^^(o) 


= 0. 









ifri + Z + l<i<r2-Z-l, 4' ^^(0) 

which is the conclusion of (3.45) with the index I. Thus, (3.45) holds. This concludes the 
proof of Claim 3.7 and Lemma 3.4 too. Thus, Proposition 3.1 holds. ■ 

3.2 Refinement of (3.1) for /c > 2 

Note that the case k = 1 has been already treated in [12] giving rise to estimate (1.12). As 
announced in the beginning of the section, we assume that k >2 and claim the following: 

Proposition 3.8 (Size of q in terms of the distance between solitons) There exists 
another set of parameters (still denoted by Ci(^); ■■■ Ck{s)) such that (3.1) and (3.2) hold 
and for some s* G M and for all s > s* , 

k-l 

\\qis)\\n < C^h{Q+iis)-Q{s)), (3.49) 



1=1 



where 



q2 J V dsw J 2^ ^' \ 



k 



i=l 



and 

h{0=e~^'^ifp<2, h{C) = e''^'^y/C ifp = 2 andh{C) = e~^'^ ifp>2. (3.50) 

Before proving the estimate, wc need to use a modulation technique to slightly change the 
Ci{s) in order to guarantee some orthogonality conditions. In order to do so, we need to 
introduce for A = or 1, for any d G (—1, 1) and r e H, 

7riir) = ^{Wx{d),r) (3.51) 

where: 

(P{q,r) = J {qiri + q[r[{l - y^) + q2r2) pdy = J {qi {-Cri + ri) + q2r2) pdy, (3.52) 
Wx{d,y) = iWx,i{d,y),Wx,2{d,y)), 

Wi,2{d,y){y) = ci{d) ^ ~ , Wo,2{d,y) = co^^K{d,y), (3.53) 



18 



with < ci{d) < C(l - £)p-^ , Co > 0, 



and Wx^i{d,y) G TCq is uniquely determined as the solution of 

-Cr + r=(x- ^) Wx,2id) - 2ydyWx,2id) + ^ ^ ^"''^^^ (3.54) 



(in [12], we defined Wo,2{d,y) by with 



(l+dy) V- 



1 



l = Co(d)(l-d^)^ -/ ' 4 ^2 1 2 ^^/- 

Setting y = tanh^, we compute the integral and get co((i) = Co(l — d^)p-^ . Using (1.11), 
we get (3.53)). Recall from Lemma 4.4 page 85 in [12] that 

VdG(-l,l), \\Wxmn<C. (3.55) 

We now have the following: 

Lemma 3.9 (Modulation technique) Assume that k >2. 

(i) (Choice of the modulation parameters) There exist other values of the parameters 
(still denoted by di{s)) of class , such that Ci+i(s) — C,i{s) — ^ oo as s oo where 
di{s) = -tanhCi(s), 

\\q{s)\\n^O and Tri'^'\q) = for alii = l,..,k, (3.56) 

where ttq and q are defined in (3.51) and (3.49) respectively. 

(ii) (Equation on q) For s large, we have 

-^-^^(^:) = {cq^ + i^<l.-m^2-2ydyq2j^ 

^{y,s) = p\K{y,s)r'-'^, K{y,s) = j:U'^Md,{s),y), 
f{qi) = \K + qi\P-\K + qi)-\K\P-^K-p\K\P-'qi, 

R = \Kr^K-Y:Ue,K{d,r. 

Remark: From the modulation technique, it is clear that the distance between old and 
new parameter Ci(s) goes to zero as s — > oo. 

Proof. See the proof of Proposition 5.1 in [12] where the case A; = 1 is treated. There is 
no difficulty in adapting the proof to A; > 2. ■ 

In the following, we will show that Proposition 3.8 holds with the set of parameters 
Ci(s),..,Cjt(s) given by the modulation technique of Lemma 3.9. Before giving the proof, 
we start by reformulating the problem. 
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Let us first remark that equation (3.57) can be localized near each soliton's center 
which allows us to view it locally as a perturbation of the case of one soliton already 
treated in [12]. For this, given i = l,...,k, we need to expand the linear operator of 
equation (3.57) as 

Hq) = Ldi(s){Q) + (0, Vi{y, s)qi) with 

Vi{y,s) = p\K{y,s)\P-' -pKidi{s),yr-\ (3.58) 
Since the solitons' sum is decoupled (remember from (i) of Lemma 3.9 that 

^i+i - ^ 00 as s ^ 00), (3.59) 
the properties of Ld.(^g^ will be essential in our analysis. 

Prom section 4 in [12], we know that for any d G (—1, 1), the operator has 1 and as 
eigenvalues, the rest of the eigenvalues are negative. More precisely, introducing 

/ 2 ^ \ / y + d 

F,id,y) = {l-d')^{ + , Fo{d,y) = il-d')^ I (1 + dy)l^^+' 

(3.60) 

we have 

Ld{Fx{d)) = XFxid) and \\Fi{d)\\n + \\Fo{d)\\n < C. (3.61) 
The projection on Fx{d) is defined in (3.51) by 7r^(r) = (f) {Wx{d) , r) . Of course, 

L*aWx{d) = XWx{d) (3.62) 

where is the conjugate of with respect to the inner product (j), and the choice of the 
constants ci{d) and cq guarantees the orthogonality condition 

niiW)) = HWxid), F^id)) = (3.63) 

In the following, we give a decomposition of the solution which is well adapted to the 
proof: 

Lemma 3.10 (Decomposition of q) If we introduce for all r and r inH the operator 
7r_(r) = r-{y,s) defined by 

k 

r{y, s) = J2 {4'^'\r)F,{di{s), y) + 'Ki^'\r)F^{d,{s),y)) + 7r_(r) (3.64) 
1=1 

and the bilinear form 



(p{r, = y {r'ir[{l - y^) - Vriri + r2V2) pdy 



(3.65) 
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where Tp{y,s) is defined in (3.57), then: 

(i) for s large enough and for all r and r in 7i, we have 

|(^(r,r)| <C||r||H||r||w, (3.66) 

(a) for some Co > and for all s large enough, we have: 

k 

a\{s)Fi{di{s), y) + s), (3.67) 

i=l 

A_{s)<C4q^{s)\\l^, (3.68) 

k 

Y,H{s)f + A_{s) <Coh{s)fn (3.69) 

i=l 

where 

k~l 

Jis) = ^(g+1 - C,)e-^(^^+^-^^\ al(.) = 4^'\q{s)) and A_{s) = <^(g_(.), g_(.)). 

(3.70) 

Remark: Note that the choice of di{s) made in (3.56) guarantees that for s large enough, 

Vz = 1, k, ai{s) = ai'{s) = 0. (3.71) 

Moreover, we see from (3.68) that A-{s) is nearly positive and nearly equivalent to 

Note that from (B.23) (proved in the proof of Claim 3.10), (3.67), (3.61) and (3.68) we 

have for s large, 

\a\{s)\ < C\\qis)\\H and \\q-{s)\\H < C mm (\\qis)\\H, ^AAA^\ + Jis)Ms)\\H) ■ (3-72) 

Remark: The operator 7r_ depends on the time variable s. In [12], we had only one 
soliton, and we decomposed q as follows: 

qiy,s) = 7rfiq)Fiid,y)+4{q)Foid,y)+7Tiiq), (3.73) 

where we had only one d(s) (note that this decomposition is in fact a definition of the 
operator ttI). Here, due to (3.59), we have a decoupling effect, in the sense that7rj^^^(^) 
for j ^ i cannot be "seen" when y is close to —di{s), the "center" of the soliton K{di{s),y). 
Hence, vr_(g) is more or less 7r'^^^\q) and we are reduced to the situation of one soliton 
already treated in [12]. This idea will be essential in our proof since given some i = 1, ...,k, 
we have two types of terms in equation (3.57): 

- terms involving the soliton K{di{s),y) for which we refer the reader to [12], 

- interaction terms involving a different soliton K{dj{s),y) which we treat in details. 
Proof of Lemma 3.10: See Appendix B. ■ 

In order to prove Proposition 3.8, we project equation (3.57) according to the decom- 
position (3.64). More precisely, we have the following: 



^\\q^{s)fn-C^J(sfUs)fH < 
(^0 
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Lemma 3.11 For s large enough, the following holds: 

(i) (Control of the positive modes and the modulation parameters) 



= 1, k, 



a\'{s) - a\{s) + \Cl{s)\ < CMs)f^ + CJ{s) (3.74) 



where J{s) is defined in (3.4)- 

(a) (Control of the negative part) 



R- + < 



^ -^"l ^ m=l 



2 J - p 

+ CJ{s)^/\A_{s)\ (3.75) 
for some R-{s) satisfying 

\R^{s)\ < CUs)f^' (3.76) 

where p = mm{p, 2) and h{s) is defined in (3.50). 
(Hi) (An additional relation) 

^ /' qmp < -\a_ + C /i(Wi - Cm)' C ql,2T^ +CY, Hf . (3.77) 

Proof: See Appendix C. ■ 
With Lemma 3.11, we are ready to prove Proposition 3.8. 

Proof of Proposition 3.8: We proceed as in section 5.3 page 113 in [12], though 
the situation is a bit different because of the presence of the forcing terms J(s) and 
'}2!i=i ~ Ci)' ill the differential inequahties in Lemma 3.11. 

If we introduce 

k k~l 

a{s) = J2 K^) = ^-(s) + 2i?-(s) and H{s) = KU+i - U? (3-78) 

i=l m=l 

where h is defined in (3.50), then we see from (i) of Lemma 3.9 and (3.76) that 

a{s) + b{s) + H{s) ^ as s ^ oo. (3.79) 

Moreover, we sec from (3.76) and (3.69) that \b - A_\ < + Ei=i(«i)') s 
large enough, hence 

99 , 1 , 101 1 , , 
a <b< A^ H a. (3.80) 

100 100 - - 100 100 ^ ^ 

Therefore, since J(s) < H{s) by (3.4) and (3.50), we have for s large, 

C 



V€>0, CJy/\Ar\<eia + b) + -H{s). 

Using (3.78), (3.80) and (3.79), we rewrite estimates (3.69) and Lemma 3.11 with the new 
variables, in the following: 
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Corollary 3.12 (Equations in the new framework) There exists Kq > 1 such that 
for all e > 0, there exists so(e) G M such that for all s > so(e), the following holds: 
(i) (Size of the solution) 

^(a + 6) < < iro(a + 6), (3.81) 



1 

qmpdy 

-1 



< Ko(a + fe). (3.82) 



(ii) (Equations) 



3 5 

-a -eh- KqH < a' < -a + eb + KqH, 



— ^/ Q-,2 -, ^ 2 '^y + e{a + b) + —j 
P - 1 7-1 ' 1 - r e 



qmpdy < --b + Ko / -dy + Koa + KqH, 

-1 5 J_i ' 1-r 



d_ 

ds ^ 

\H'\ < eH. (3.83) 



We proceed in 2 steps: 

- In Step 1, we show that a is controlled by b + H. 

- In Step 2, we show that b is controlled by H and conclude the proof using (3.81). 

Step 1: a is controlled hy b + H 

We claim that for e small enough, we have: 

Vs > so(e), a{s) < e6(s) + ^H{s). (3.84) 

Indeed, from Corollary 3.12, we see that for all s > so{e), we have 

a' > \a-{eb+^H), 

{eb+^H)' < 2e(e6 + ^iJ) + e^a. 

Introducing 7i(s) = a{s) — (e6(s) + ^H{s)), we see that for all s > so(e), 

= a' - {eb' + ^H') > L-{eb+^H)-2e{eb+^H)-e^a 

= (^-e2-l-2e)a+(l + 2e)7i >7i 

if e is small enough. Since 71 (s) ^ as s — > oo (see (3.79)), this implies 7i(s) < 0, hence 
(3.84) follows. 

Step 2: b is controlled by H 

We claim that in order to conclude, it is enough to prove for some Ki > that 

Vs>so(e), fis)<KiH{s) (3.85) 
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where ^ 

f = b + ri J qiq2pdy and 77 = ^ min (-^, — — ) . (3.86) 



2 \2Ko'{p-l)Ko 
Indeed, using (3.82) and (3.84), and taking e small enough, we get for all s > so(e), 
qiq2pdy < 2Kob + and \ f-b\< 2Kor]b + rj^H < | + rj^H, hence 



--r]-^H<f<2b + ri^H. (3.87) 
2 e e 



Therefore, if (3.85) holds, then using (3.81), (3.87) and (3.84), we see that for some K2 > 
and for all s > so{e), \\q{s)\\'^ < KQ{a{s) + b{s)) < K2H{s) which is the desired conclusion 
of Proposition 3.8. It remains to prove (3.85). 

Using Corollary 3.12, (3.84), (3.86) and the fact that Kq> 1, and taking e small enough, 
we get for all s > so{e): 



qmpdy < -h + Ko [ qlo—^dy + 2^H, (3.89) 



b' < ^— r ql^-^dy + 2eb + 2^H, (3.88) 

p - 1 7_i ' 1 - e 

, , -^^-^^rdy < -"^b + Ko [ q^2 ^ ^ 2 
ds J_i 5 J-i 1 - 

/' s -(|''-^^)'-(^-'^«'')/>'^.T^*+(4+4'')^ 

< -!Lt, + 3'S2.H<-'lf + i!^H. (3.90) 

4 e 8 e 

If 72(5) = /(s) - ^^H{s), then we write from (3.83) and (3.90), for all s > so(e), 

72 = / H < --/ + 4 — H + eH = --72 + — H < --72 

rje 8 e rje 8 e 8 

because K3 = - ^ | + + AKq = -AKq + < if e is small enough. Therefore, 

for all s > so(e), 72(5) < e~i''^~^°^j2{so), hence 

f{s) < ^His) + e-i(^-^°)|72(so)|. (3.91) 
rje 

Since we have from (3.83) and (3.78), 

H{s) > e-<'-'°^H{so) and H{so) > 0, (3.92) 

taking e < |, we see that (3.85) follows from (3.91) and (3.92). This concludes the proof 
of Proposition 3.8. ■ 

3.3 An ODE system satisfied by the solitons' centers 

With Proposition 3.8, we are ready to prove Proposition 3.2 now. The proof consists in 
refining the projection of equation (3.57) with the projector tTq (3.51), already performed 
in the proof of (i) of Lemma 3.11 (see Part 1 page 46). 
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Proof of Proposition 3.2: Using (C.l), (C.2), (C.7), (C.8), (C.ll), the differential 
inequality (3.74) on C,i and the fact that aQ^s) = (s) = (see (3.71)), we write for some 
S2 > and for s large enough, 

-e.^c;w..f<"(^) 

Since we have from Proposition 3.8, 

k—l 

Ms)fn < Cj2mi+i - Ci)f < CJ{sy+'^ (3.94) 

for some ^3 > and for s large enough, where h{Q is defined in (3.50), it is clear that if 
one proves that for some c'l > 0, 84 > and for s large enough, 

JL4>(^) ^ ^ = _e,_ie-?^l^'(^)-^-^(^)l + e,+ie-^^l^^+^(^)-^^(^)l + CJis)'+'^ (3.95) 

(with the convention Co(s) = ~oo and Ck+i{s) = +00), then, Proposition 3.2 immediately 
follows from (3.93) and (3.94) (with 60 = miii(62, 63, 64)). It remains to prove (3.95) in 
order to conclude the proof of Proposition 3.2. 

Proof of (3.95): We claim first that 

k 

P^(^j is)T~^'^{yj-i{s}<y<yj (s)} eiK{di (s)) 

k 

< /^(d,(s))^-n{,._,(,)<,<,.(,)} ^ K{di{s)f (3.96) 
where yi are the solitons' separators defined in (E.l). 

Indeed, let us take y G {yj-i{s),yj{s)) and set X = (^i^j eiK{di{s)))/ejK{dj{s)). Prom 
the fact that (j+i(s) — Cji^) ~^ ^ ^^'^ (E-l), we have \X\ < 3 hence 

\\i + x\p-\i + X) - 1 - pX\ <cx^ 

and for y G (yj_i(s), yj(s)) and s large, 

\\Kr'K-ejK{dj{s)r-PK{dj{s)r'j2^iK{di{s))\ 

< CKidj{sWY.<diis)r 

Since for y G (?/j_i(s), (s)), | Ei^j eiK(d;(s))*'| < Y^i^j and K{dj{s)) > K{di{s)) 

if I ^ j, this concludes the proof of (3.96). 

Now, we prove (3.95). Using (3.96), (3.51), (3.53) and the notations of Lemma E.l, we 
write 



<C\\q{s)fn + CJ{s)'+''. (3.93) 



di 




R 
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Since we have from (iii) and (iv) of Lemma E.l, |^j,j,z| + \Bij^i\ < CJ^^^"^, except for 

with I = i ±1 where we have — c'(' sgn{l — ■i)e~p^'^'~^'*^' | < CJ-^"*"^* where 

64 = min(55,(56) > 0, we get (3.95). Since Proposition 3.2 follows form (3.95) and (3.93), 
this concludes the proof of Proposition 3.2 too. ■ 

3.4 The blow-up set has the corner property neair xq e S when k{xo) > 2 

We derive here the following consequence of Proposition 3.1: 

Proposition 3.13 (Existence of signed lines and the corner property near xq G 

S) If xq € S with k{xo) > 2, then: 

(i) For all j = 1, .., k, 

2 2 

u{zj{t),t) ~ e*ACoCOshF^ C,j{s){T{xQ) - t)~^ as t ^ T{xo), 
where 1 1— > Zj{t) is continuous and defined by 

Zj{t) = xo + (T(xo) - t) tanh(j(s) with s = - log{T{xo) - t). (3.97) 

(ii) We have for some Sq > and Cq > 0, 

if \x - xo\ < 60, then T{xo) -\x- xo\ < T{x) < T{xo) - \x - xo\ H — ^k-i)(p~i) • 

|log(x-a;o)| 2 

(3.98) 

Remark: The point Zj{t) corresponds in the original variables to the center of the j-th 

soliton in the description (3.1). 

Remark: In the next section, we prove that for all xq G S, we have k(xo) > 2. Thus, the 
result will hold for all xo e S. 

Proof. It follows from Proposition 3.1 and the following: 

Lemma 3.14 (Upper blow-up bound for equation (1.1)) For all real xi, X2 and t 
satisfying 

(1 - e'^)T{xi) < t < T{xi) and \y\ < 1 where y = , (3.99) 

-^(■^1 ) t 

it holds that 

Hx2,t)\ < K{xi){T{xi) - i)"^(l - y^y^^, 
where K{xi) depends only on p and an upper bound on T{xi) and \/T{x\). 

Proof. Take xi G M. Using Proposition 3.5 page 66 in [12], we see that for all s > 
— logT(a;i) + 3, we have ||if2;i(s)||7io ^ ^{xi)., where K{xi) depends only on p and an 
upper bound on T{xi) and 1/T(xi). Using (i) of Lemma B.l, we see that 

if \y\ < 1, then \w^,{y,s)\ < K{xi){l-yY^K (3.100) 

Now, taking xi, X2 and t satisfying (3.99) and introducing s = — log(r(a;i) — t), we see 
that s > — logT(xi) + 3 and the conclusion follows from (3.100) thanks to the selfsimilar 
transformation (1.5). ■ 
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Proof of Proposition 3.13: 
(i) Using Proposition 3.1 and (i) of Lemma B.l, we see that we have 



sup 
|J/I<1 



1=1 



as s ^ oo. (3.101) 



Since we have 



K{di{s),y){l-y^)p-^ =KoCOsh p-i - Ci(s)) if 2/ = tanh^ (3.102) 
and Ci+i(s) — Ci(s) — ^ oo as s — oo, we apply (3.101) with y = —dj{s) = tanh^j(s) to get 

{1 — dj{s) )p-^Wxo{—dj{s),s) ^ e*Ko as s ^ oo. (3.103) 

Since (1 - dj{sf)~1^ = cosh^ Ci(s), e* = el{-iy+^ and s ^ dj{s) G (-1,1) is 
continuous, using the selfsimilar transformation (1.5), we see that (i) follows. 

(ii) Let us introduce B{x) by 

T{xo) - T{x) 



\Xo — X 

Prom the fact that x i— T{x) is 1-Lipschitz, we see that 

\T{xo) - T{x 



= l-B{x). (3.104) 



\xq — x\ 



< 1 hence < B{x) < 2, (3.105) 



and the left-hand inequality of (3.98) follows. Using (3.104), we see that in order to prove 
the right-hand inequality, it is enough to prove that for xq — x small, 

(fe-i)(p-i) 

B{x) < CI 2 where I = \ log(a;o - x)\. (3.106) 

To prove (3.106), we consider only the case x < xq since the case x > xq follows by 
considering u{—x,t) instead of u{x,t). The key idea is to derive lower and upper bounds 
for \u{zi(i),t)\ where zi{i) defined in (3.97) is the "center" of the first soliton and 

i = i{x) = T{xo) - 2{xo - x). (3.107) 

The following claim allows us to conclude: 

Claim 3.15 It holds that: 

(i) \u{zk{t),t)\ > ^{xo-x)~^l^. 

(ii) \u{zk{i),i)\ < C{xo - xy^Bix)-^. 
Indeed, if Claim 3.15 holds, then we see that 

1 2_ k-1 _ _ 2_ 1_ 

— {xq-x) p-^l 2 < \u{zk{t),t)\ < C{xo - x) p-^B{x) p-i hence i?(x) < Ci 2 

and (3.106) follows. It remains to prove Claim 3.15 to conclude the proof of Proposition 
3.13. 
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Proof of Claim 3.15: 
(i) Using (i) of Proposition 3.13 with j = 1, we get for xq — x small enough, 



~ ~ Kn 2 _ 2 

Hzk{t),t)\ > ^coshp-i C,i{s){T{xq) - t) p-1 



where 



s = - log(r(xo) - = - log 2 - log(a;o - x). 
Recalling from (ii) of Proposition 3.1 that 

ICi(g)+ ^^' 'f log(g)|<Co, 

hence, from (3.109) 



(3.108) 
(3.109) 

(3.110) 



, ^ , , e ^i^'') ^ (fc-i)(p-i) (fc-i)(p-i) 
coshCi(s) > — ^ — > Cs 4 > CI 4 , 

the conclusion follows from (3.108) and (3.107). 

(ii) The idea is to apply Lemma 3.14 for some well-chosen xi, X2 and t. We claim that 
condition (3.99) holds with xi = x, X2 = zi{t) and t = t. Indeed: 
- using (3.105) and (3.107), we write for xq — x small enough. 



T(x) > T(xo) - (xo - x) > r(xo) - 2(xo - x) = i{x) > T(xo)(l - e'^) 
using (3.97), (3.107), (3.110) and (3.109), we write 

zi{t)-x = xo + 2(xo-x)(-l + 2e2^i("') + 0(e^^i(^')))-x 



(3.111) 



, o(U (fc-l)(p-l) . 

(xo - x)(-l + e"^^^s 2 



(xo - x)(-l + e<^^^^/ 2 ). 



(3.112) 



Since we have from (3.105) and the definitions (3.104) and (3.107) of B{x) and t, 
T(x) -i= r(x) - T{xo) + 2(xo - x) = {xq - x)(1 + B(x)) G [xq - x, 3(xo - x)], (3.113) 



we deduce that y 



21 {t)—X 

T{x)-t 



satisfies 



-1 + 6"^^^^/ 2 

l + B{x) 



-1 + 



(fc-i)(p-i) 

/ 2 



c 



(3.114) 



Thus, from (3.111) and (3.114), condition (3.99) holds and Lemma 3.14 applies and gives 



\u{zi{t),i)\ < K{x){T{x) - i) v-i (1 - y2) p_ 



(3.115) 



where K{x) < Kq uniformly for x close to xq. Since we have from (3.114) and (3.105), 



(i-y')>^(i + y) 



-, ,-./ N nn^, (fc~i)(p-i) 
1 B{x) + e^^^n 2 



c 



l + B{x) 



> 



B{x) 

c 



(3.116) 



the conclusion follows from (3.116), (3.113) and (3.115). This concludes the proof of Claim 
3.15 and Proposition 3.13 too. ■ 
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4 Properties of <S 



We proceed in 3 subsections. We first prove that the interior of S is empty which is the 
desired conclusion of Proposition 5. Then, we give the proofs of Theorems 4, 4' and 6 as 
well as Proposition 8. 

4.1 Soliton chciracterization on S 

This subsection is devoted to the proof of the following result: 

Proposition 4.1 

(i) The interior of S is empty, 
(a) For all xq G S, k{xo) > 2. 

Before proving this proposition, let us first state the following Lemmas: 

Lemma 4.2 (Characterization of the interior of S) For any x\ < X2, the following 
statements are equivalent: 

(a) {xi,X2) G S. 

(b) There exists x* G [a;i,X2] such that for all x G [xi,a;2], T{x) = T{x*) — \x — x*\. 

Lemma 4.3 Consider xi < xo such that e = '^(^2)-T(3:i) _ Then, 
(i) for all X G [xi, a;2], T{x) = T{x\) + e{x — xi), 
(a) (xi,X2) G S. 

Lemma 4.4 (Boundary properties of S) 

(i) For all xq G dS, k{xo) / 0. 

(a) Consider xo G dS with k{xo) = 1. If there exists a sequence x„ G 7^ converging 
from the left (resp. the right) to xo, then xq is left-non- characteristic (resp. right-non- 
characteristic). 

Remark: We mean by xo is left-non-characteristic (resp. right-non-characteristic) that it 

satisfies condition (1.4) only for x < xq (resp. for x > xq). 

Remark: It is not possible to prove by a direct argument that k{xQ) > 1 when xq is 
arbitrary in S. We need to prove it first for xq G dS and then prove that the interior is 
empty. See the derivation of Proposition 4.1 from Lemma 4.4. 

We now give the proofs of Lemmas 4.2, 4.3 and 4.4. 
Proof of Lemma 

(a) (b): Let us introduce x* G [xi,,T2] such that 



We claim that T{x) is nondecreasing on and nonincreasing on [x*,X2]. Indeed, let 

us prove the first fact, the second being similar. If for some x' < x" in we have 

r(x') > Tlx"), then mina./<^<a,* T{x) < T{x") < T{x') < T{x*). Therefore, this minimum 
is achieved at a point x different from x' and x* , hence 



T{x*) 



X1<X<X2 



max T{x). 



X G (a;', X*) C (xi, X2). 
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In other words, x is a local minimum, hence non characteristic, which is in contradiction 
with (a). 

The result clearly follows if we prove that 

Vxe(xi,a;*), T(a;) =r(a;i) + (x-xi), (4.1) 
\/xe{x\x2), T{x) = T{x2)-{x-X2). (4.2) 

We only prove (4.1) since (4.2) follows similarly. 

Assume by contradiction that for some x' G (xi,a;*), we have 

T(x')-T(.i) , ^ ) ,,3) 
x' — Xl 

Then, since x ^ T{x) is 1-Lipschitz and nondecreasing, it follows that < mo < 1. 
Considering a family of lines of slope growing from below, we find Aq G M and 

xq G \xi , x'] such that 

VxG[xi,x'], T(x) > ^i^^(x-xi) + Ao andT(xo) = -^^^^(xo-xi) + Ao. (4.4) 

If xq G (xi,x'), then for all x G [xi,x'], T{x) > (^+^o) (^ _ xq) + T{xq), hence xq is non 
characteristic (the cone of slope is convenient). 

If Xq = x' , then since T{x) is non decreasing on (xi,x*), it follows that xq is again non 
characteristic. In these two cases, we have a contradiction with the fact that {xi,X2) G S. 
If XQ = xi, then we have from (4.4), T{x{) = Xq and T{x') > ^^^"""^ {x' - xi) + T{xi), in 
contradiction with (4.3). 

Thus, (4.1) holds. Since (4.2) follows similarly, (b) follows too. 

(b) =^ (a): For any x G {xi,X2), the left-slope of x T{x) is 1 or —1, hence, by 
definition, x G 5 and (a) follows. This concludes the proof of Lemma 4.2. ■ 

We now give the proof of Lemma 4.3: 

Proof of Lemma 4-3: Up to replacing n(x, t) by u{—x, t), we can assume that xi < X2 

and 

e.HM^^ = l. (4.5) 

X2 - Xl 

(i) If X G (xi,X2), we use the fact that x ^ T{x) together with (4.5) to write: 

r(x) < T(xi) + (x-xi), 

r(x) > T(X2) - (X2 - X) = T(xi) + (X - Xl) 

and (i) follows. 

(ii) It follows from (i), just by applying the fact that (b) implies (a) in Lemma 4.2 (take 
X* = X2). This concludes the proof of Lemma 4.3. ■ 

We now give the proof of Lemma 4.4. 

Proof of Lemma 4-4- Consider xq G dS. Up to replacing u{x,t) by u{—x,t), we can 
assume that for some sequence 

Xn G TZ, we have x„ < xq and x„ — > xq as n — > 00. (4-6) 
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Therefore, we have 



Vx < xq, T{x) > T{xo) - {xo - x). 



(4.7) 



Indeed, note first form the fact that x i-^ T[x) is 1-Lipschitz that for all x < xq, T(x) > 
r(xo) — {xo — x). By contradiction, if for some x < xq, we have T{x) = T{xo) — {xo — x), 
then we see from Lemma 4.3 that {x,xo) C S, in contradiction with (4.6). Thus, (4.7) 
holds. 

To prove (i) and (ii), we proceed by contradiction. Assume then that 

either k{xQ) = (case 1), 

or k{xo) = 1 and xq is not left-non- characteristic (case 2). 

Using (3.1) when k{xQ) = and Proposition 2.2 when k{xo) = 1, we see that 



Woe 





as s ^ oo, 



(4i 



n 



where Wtx>{y) = if k{xo) = and Wooiy) = e* K{d{xo) , y) if A;(a;o) = 1, (4.9) 
for some e* = ±1 and d{xo) G (—1, 1). Now, we claim the following continuity result: 

Claim 4.5 For all eo > 0, there exists t < T{xo) and x < xq such that for all x' G (x, xq), 



Wx'isoi^')) 



Woe 





(4.10) 



H 



where so{x') = — log{T{x') — i). 

Proof. See Appendix D. ■ 
Let us first use this lemma to find a contradiction. 

Case 1: k{xo) = 0. Consider some eo > (to be fixed small enough later). Using this 
claim, (4.9) and (4.6), we see that for some i < T{xo) and for n large enough, we have 



Xn ^Tl and 



dsWx„{so{x')) 



<eo. 



n 



Using the continuity of E{w) in H (which is a consequence of Lemma B.l), we see that 



E{wx^{so{x'))) < Ceo < ^E{ko) 

(if eo is small enough), on the one hand. On the other hand, since Xn G 7^, we know from 
the limit and the monotonicity of E{wx„{s)) stated in page 3 that E{wx„{s)) > E{ko) > 0, 
which is a contradiction. 

Case 2: k{xo) = 1 and xq is not left-non-characteristic. Since xq is not left-non- 
characteristic, we see from (4.7) that there exists a sequence x„ such that 



Xn < Xo, Xn ^ Xq and m„ = G 1 , 1). 

Xn- Xo n 



(4.11) 
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Considering a family of lines of slope , we can select one such that 

Va; G [xn,xo], T{x) > ^—^^ix-Xn)+\n and T(x„) = -^^-^ ^^^^(x„-x„) + A„ (4.12) 
for some A„ G M and x„ G xq]. 

If Xn = xq, then for all x G xq], T{x) > (x— a;o)+r(a;o), which is in contradiction 

with the fact that xq is left-non-characteristic. 

If Xn = Xn, then we have from (4.12), T(f„) = A„ and r(a;o) > (xq - x„) -|- T(x„), 
in contradiction with (4.11). 

If Xn G (x„,Xo), then 5;„ G 7^ (the cone of slope is convenient). Since x„ xq and 

x„ G TZ, we see from Claim 4.5 that for some t < T(xo) and n large enough, we have 

< e* (4.13) 



dsWx„{so{Xn)) J \ 



H 



where e* is introduced in Proposition 2.2. Since the energy barrier follows from the fact 
that Xn G 71, Proposition 2.2 applies and we have for n large enough, 

{ws:^{s),dsWxSs)) e*(«;(dn),0) in 7^ as s ^ oo, 

where \dn — d{xQ)\ < rjo for some 770 > small enough so that |(i(xo) ± ryo| < 1- The use 
of the geometrical interpretation of d„ is crucial for the conclusion. Indeed, from (4.13) 
and the regularity result of [12] cited in page 3, we see that x ^ T{x) is differentiable at 
X = Xn and that 

T'{Xn) =dn< d{xo) + r?o < 1 
on the one hand. On the other hand, using (4.12) and (4.11), we see that 

. l + rn„ 
T (Xn) = — s- 1 as n — 00 

which is a contradiction. This concludes the proof of Lemma 4.4. ■ 

Now, we are ready to prove Proposition 4.1. 

Proof of Proposition 4-1- 
(i) Let us assume by contradiction that S contains some non empty interval {a',b'). Since 
(S 7^ M by the result of [12] cited in page 3, by maximizing this interval and up to replacing 
u{x,t) by u{—x,t), we can assume that: 

(a, b) C S with a G dS, b > a 

and, either b G dS or 6 = +00. If b is finite, then up to replacing u{x,t) by u{—x,t), we 
can assume that T(6) > T(a). Using Lemma 4.2 and the fact that T{x) > 0, we see that 
for some b < b, we have 

Vx G (a, b), T{x) = T{a) + (x - a). (4.14) 

We consider three cases and find a contradiction in each case. 
- If k{a) = 0, then a contradiction occurs from (i) of Lemma 4.4. 
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- If k{a) = 1, then from the fact that a G dS, there exists a sequence a;„ G 7^ such that 
Xn ^ a as n ^ oo. Since (a, 6) C S, it follows that Xn < a for n large enough. Therefore, 
applying (ii) of Lemma 4.4, we see that a is left-non-characteristic. Since it is clearly 
right-non-characteristic by (4.14), o is in fact non-characteristic, which contradicts the 
fact that a G dS C S (note that S is closed since its complementary set TZ is open by the 
result of [13] cite in page 3). 

- If k{a) > 2, then the corner property stated in Proposition 3.1 is in contradiction with 
(4.14). 

Thus, (i) of Proposition 4.1 follows. 

(ii) Consider xq £ S. From (i), we have xq G dS. Using (i) of Lemma 4.4, we see that 
k{xo) > 1. The result follows if we rule out the case k{xQ) = 1. 

Assume by contradiction that k{xo) = 1. Since the interior of S is empty, we can construct 
2 sequences Xn and in TZ, such that .t„ xq from the left, and y„ --> xq from the right. 
Applying (ii) of Lemma 4.4, we see that xq is in fact left-non-charactcristic and right-non- 
characteristic, hence non characteristic. This contradicts the fact that xq G S. Thus, (ii) 
follows. This concludes the proof of Proposition 4.1 ■ 



4.2 On chciracteristic points for equation (1.1) 

We prove Proposition 8, as well as Theorems 6 and 4 here. 

Proof of Theorem 6: Consider u{x,t) a solution of equation (1.1) and xq G S. Using 
(ii) of Proposition 4.1, we see that /c(xo) > 2. Therefore, Proposition 3.1 applies and 
directly gives the conclusion of Theorem 6. 

Proof of Proposition 8: Consider u{x,t) a solution of equation (1.1) and xq G S. Using 
(ii) of Proposition 4.1, we see that k{xo) > 2. Therefore, Proposition 3.1 and Proposition 
3.13 apply and give the conclusion of Proposition 8, except for the strict inequality in 
(1.16), which we prove now. 

Assume by contradiction that for some xi < xq, we have equality in the left-hand inequality 
of (1.16). Then, we see from Lemma 4.3 that (xi, xq) C S, which contradicts the fact that 
the interior of S is empty (see (i) of Proposition 4.1). Thus, (1.16) follows and Proposition 
8 follows too. ■ 

Proof of Theorem 4- Consider u{x,t) a solution of equation (1.1) that blows up on a 
graph X I— T{x) such that for some oq < bo and some to > 0, we have 

Va; G (ao, bo) and t G [to, T{x)), u{x, t) > 0. (4.15) 

We would like to prove that (ao,6o) C TZ. Proceeding by contradiction, we assume that 
there exists xo G (ao,6o) H S. Using Proposition 8, we see that for some ei = ±1 and 
ti G [to,T{xo)), there are continuous 1 1— > Zi{t) where i = 1 and 2 such that Zi{t) xq as 
t T{xo) and 

\/t G [ti,T{xo)), eiu{zi{t),t) > and eiu{z2{t),t) < 0. 

Therefore, u changes sign in (ao,6o) x [ti,T{xo)), which is in contradiction with (4.15). 
Thus, (ao, bo) C TZ and Theorem 4 follows. ■ 
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4.3 Non existence of characteristic points for equation (1.2) 

This subsection is dedicated to the study of equation (1.2) which we recall here: 



u(0) = no and nt(0) = ni. (^•-'^^) 

We take p> \ and (no, ui) G ^l^^. „ x Lfoc u- *™ prove Theorem 4', which asserts 
that the set of characteristic points is empty, for any blow-up solution of (4.16). To do 
so, we need to perform for equation (4.16), an almost identical analysis to what we did 
for equation (1.1), in our previous papers, including this last one. Therefore, we only give 
the main steps and stress only the novelties. 

Consider u{x,t) a solution of equation (1.2) that blows up on some graph x <—>■ T{x). 
As for equation (1.1), wc denote the set of non characteristic points by TZ and the set of 
characteristic points by S. Our aim is to show that 5 = 0. 
Given G M and Tq G (0, r(a;o)], we define Wxo,To as in (1.5) by 



,T,{y,s) = {To-t)^^u{x,t), y=%^, s = -\og{n-t). (4.17) 



If To = T(a;o), then we simply write Wxq instead of Wxq^t(xq)- The function w = Wxo,To 
satisfies the following equation for all y G i? = i?(0, 1) and s > — logTo: 



«2 r 2(p+ 1) P + o «2 



(4.18) 



The Lyapunov functional for this equation is defined in H. (1.9) and is given by 

E{w{s)) = Q {dswf + \ {dywf (1 - y') + ^^w' - ^kr«^) Pdy 
and satisfies 

^Eiw{s)) = [' {dsw{y,s)f -^dy. 

as p-1 J_i ^-y^ 

We first give the following lower bound: 

Lemma 4.6 (A lower bound on solutions of (1.2)) For all R > 0, there exists 
M{R) > such that for all x G i-R,R) and t G [0,T{x)), we have u{x,t) > -M{R). 

Proof: Using Duhamel's formula, we write for all x G M and t G [0, r(a;)), 

u{x,t) = S{t)uo{x) + Si{t)ui{x) + [\si{t-T)\u{Ty\){x)dT (4.19) 

Jo 

where 

S{t)h{x) = l-{h{x + t) + h{x - t)) and Si{t)h{x) = - [ h{x')dx'. 
Take R> and introduce Rq = R + m.ayi\x\<RT{x). Since we have by hypothesis, 
no G H^{-Ro,Ro) C L^{-Ro,Ro) and m G L'^{-Ro,Ro), 
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we use the continuity of x i— > T{x) to write from (4.19): 

u{x,t) > S{t)uo{x) + Si{t)ui{x) > -||no||Loo(-iJo,iio) " -/Roll^illL2(-iio,iio)' 
which concludes the proof of Lemma 4.6. ■ 

Using Lemma 4.6, we get the following consequences: 

Claim 4.7 (A lower bound on solutions of (4.18))// xq G R, and Tq g (0,T(xo)], 
then: 

2s 

(i) For all y G (—1,1) and s > — logTo, we have w{y,s) > —Mqc where Mq = 

M{\xo\+T{xo)). 
(a) For all s > — logTo, 

1 ,1 ,1 2(p+l)s 

2 J -I 

(l-2Moe"i^) y \w\^"^^pdy-CMQe~'^^ 
Proof. 

(i) It follows straightforwardly from Lemma 4.6 

(ii) Consider s > — logTo. The right-hand side of the first line is obvious. For the left-hand 
side inequality of both lines, we use (i) to write 

\z\^z - \z\^^^ > -eo\z\P > max(-^zf+i - 2feg+\ -eo(l + zP+^)) 

2s 

where z = w{y, s) and eo = 2Moe p-i . By integration, (ii) follows. ■ 

In the following, we give the following blow-up criterion for equation (1.2): 

Claim 4.8 (A blow-up criterion for equation (1.2)) Consider W{y,s) a solution to 
equation (4-18) locally hounded in U'^^{—1, 1) such that E{W{sq)) < for some sq G M. 
Then, W{y,s) cannot exist for all {y,s) G (—1,1) x [so,oo). 

Proof. The proof is the same as the proof of Theorem 2 in Antonini and Merle [3] (of 
course, one need to use the Lyapunov functional E{w)). ■ 

Using the Lyapunov functional E(w) together with the estimate in (ii) of Claim 4.7, 
one can adapt with no difficulty the analysis of our previous papers ([10], [11], [12] and 
[13], without forgetting the present paper) to equation (1.2), and get the same results, 

with the following new feature: 

Due to the lower bound of (i) in Claim 4.7, only nonnegative objects appear in the limit 
at infinity of Wxq when xq eTZ (take 9{xo) = 1 in (1.12) and (1.13)) and in the asymptotic 
decomposition of Wxq when G 5 (take Cj = 1 for all i = 1, ...,k in (3.1)). This is the 
main difference with the case of equation (1.1), where different signs may appear. More 
precisely, we have the following: 



< J \w\^wpdy < J \w\^~^^pdy, 



< 



\w\^wpdy. 
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Claim 4.9 (Classification of the nonnegative stationary solutions of equation 
(4.18)) Consider w 6 TCq a nonnegative stationary solution of (4.-18). Then 

either w = or w{y, s) = K{d, y) (4.20) 

for some d G (—1, 1), where n{d,y) is defined in (1.11). 

Remark: It is easy to prove that all stationary solutions of (4.18) in Hq are in fact 
nonnegative, hence characterized by (4.20). 

Proof, li w ^ TCo a nonnegative stationary solution of (4.18), then it is also a stationary 
solution of (1.6). Using Proposition 1 of [13], we see that either w = oi w{y, s) = eK{d, y) 
for some d G (—1, 1) and e = ±1. Since w is nonnegative, we get e = 1. ■ 

Arguing as in [13] (note that the Liouville Theorem 2 and 2' of [13] hold for equation 
(1.2) and that only nonnegative solutions are possible), we get that the set TZ of non 
characteristic points is non empty, open and x ^ T{x) is on Tl (see page 3 in this 
paper, see Theorem 1 and the following remark in [13]). In other words, the set S of 
characteristic points is closed and 

dS C S. 

As a consequence of the fact that only nonnegative solitons appear in the asymptotic 
decomposition (3.1) of when xq G 5, we have the following result which is the main 
difference with equation (1.1): 

Claim 4.10 

(i) For all xq G S, k(xo) = or 1. 
(a) For all Xo G dS, k{xo) = 1. 

(Hi) Consider xq G dS. If there exists a sequence x„ G 7?- converging from the left (resp. 
the right) to xq, then xq is left-non- characteristic (resp. right-non-characteristic). 

Proof. 

(i) Proceeding by contradiction, we assume that for some xq G S, we have k{xo) > 2. As 
for equation (1.1), Wxq can be decomposed as s ^ oo as a sum of decoupled solitons (take 

= 1 for ah i = 1,...,A;, (4.21) 

in (3.1)), and we can show that (up to shghtly changing the solitons' location), the solitons' 
centers satisfy the same ODE system (3.3) as in the case of equation (1.1). 
Therefore, (i) of Proposition 3.1 holds and we have 

yi = l,...,k, ei = {-iy+^ei. 

Since k{xo) > 2, this is in contradiction with (4.21). Thus, (i) holds. 

(ii) Using Lemma 4.4, we see that for all xq G dS, k{xo) ^ 0. Using (i), we get the 
conclusion. 

(iii) Consider xq G dS. From (ii), we have k{xo) = 1. Applying (ii) of Lemma 4.4, we get 
the result. This concludes the proof of Claim 4.10. ■ 

Now, we are ready to give the proof of Theorem 4'. 



36 



Proof of Theorem 4 '■ Assume by contradiction that 5^0. Since TZ ^ f}> (see the 
remark following Theorem 1 in [13]), it follows that dS ^ 0. If xq £ dS, then up to 
replacing u{x,t) by u{—x,t), we assume that there exists a sequence x„ G 7?. — ^ from 
the left as n — oo. Applying Claim 4.10, we see that 

k{xo) = 1 and xq is left-non-characteristic. (4.22) 

Now, we consider 2 cases. 

- If [xq, oo) C S, then we have from Lemma 4.2 and the positivity of T{x) that 

Vx > Xo, T{x) = T{xq) + {x - Xq). 

Therefore, xq is right-non-characteristic, hence non characteristic. Contradiction with the 

fact that Xo G dS C S. 

- Now, if [xo, oo) S, then we can define xi > xq maximal such that 

[xo,xi] C 5. 

Since xi is maximal, it follows that xi G dS and that there exists a sequence ?/„ G 7?. — ^ xi 
from the right as n — ^ oo. Applying Claim 4.10, we see that 

k{xi) = 1 and xi is right- non-characteristic. (4.23) 

If xi = Xo, then xo is non characteristic by (4.22), which is a contradiction. 

If xi > Xo, then applying Lemma 4.2, we see that for some x* G [xo,xi], we have 

VxG[xo,xi], r(x) = r(x*) — |x — x*|. 

If X* > Xq, then Xo is right-non-characteristic, hence non characteristic by (4.22). Contra- 
diction again. 

If X* = Xq, then xi is left-non-characteristic, hence non characteristic by (4.23). This is in 

contradiction with the fact that xi G dS C S. 

This concludes the proof of Theorem 4'. ■ 

A Continuity with respect to initial data of the blow-up 
time at a non characteristic point 

This section is devoted to the proof of Proposition 2.1. The proof is more or less included 
in the arguments of the proof of Lemma 2.2 of [13]. We only give here a sketch of the 
proof (see [13] for more details). 

Sketch of the proof of Proposition 2.1: We will prove the continuity in the norm x 
L^(M) since the result with the norm x L^(|x| < ^o) follows from the finite speed of 
propagation. 

Using the continuity of ?i(to) for t^ < T(.to) with respect to initial data, it follows that 
T(xo) is lower semi-continuous as a function of initial data. 

For the upper continuity, we consider To > r(xo) to be taken close enough to r(xo) and 
aim at proving that n(x, t) blows up in finite time T(xo) < Tq, where u{x, t) is the solution 
of equation (1.1) with initial data (uo,ui) close enough to {uo,ui). 
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Up to changing u in —u, we know from (1.13) that for some do £ (~1) 1) and 5q > 0, 



K{do, .) 




as s — ^ GO. 



i?ixL2(|j/|<l+5o) 



(A.l) 



Consider sq < to be fixed later and introduce to < T{xo) such that = 1 — e*°. 

Using the selfsimilar transformation (1.5) and (A.l), we see that 



2 



Wxo,To{y,-iog{To-to)) = {l-e , "-^0:0,^ 

^^^xo,To(-log(^o -to)) \-( ^-(■so) 
5s^«xo,To(-log(^o - io)) y \dsW-{so 



■log(r(xo)-io; 



J/ixL2(_i,i) 



(A.2) 



^ is a particular solution of equation 



as To — > r(a;o), where W-{y,s) = kq- 
(1.6). 

Since E{w-{so)) < for some sq < from Appendix B in [13], we see from (A.2) that for 
Tq close enough to T{xo) and to defined above, we have 



E{wx,,To{-^og{To-to))) <0. 



(A.3) 



Using the blow-up criterion of Antonini and Merle (see Theorem 2 in [3]), we sec that 
Wxo,To cannot be defined for all {y, s) G (—1, 1) x [— log To, 00), which means that u blows 
up in finite time and that T{xo) < To. This yields the upper semi-continuity and concludes 
the proof of Proposition 2.1. ■ 

B Estimates on the quadratic form ip 

This section is devoted to the proof of Lemma 3.10. We proceed in two subsections: 

- in the first subsection, we give some preliminary results, in particular, we change the 
problem to the ^ variable, where y = tanh ^. 

- in the second subsection, we give the proof of Lemma 3.10. 

B.l Preliminciries and formulation in the ^ variable with y — tanh^ 
We first recall the following result from [12]. 

Claim B.l (i) (A Hardy-Sobolev type identity) For all h G Hq, it holds that 

(ii) (Boundedness of K{d,y) in several norms) For all d G (—1, 1), it holds that 

\\i^{d,y)\\^p+i + \\K{d,y){l-y )p-i lU-C-i,!) < C\\K{d,y)\\no < CE{ko). 
(Hi) (Same energy level for K{d,y)) For all d G (—1, 1), it holds that 

E{K{d,y)) = E{-K{d,y)) = E{ko). 
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(iv) (Continuity of the Lyapunov functional) If {wi{y, s),dsWi{y, s)) G H fori = 1 

and 2 and for some s G M, then 



\E{wiis)) - E{w2is))\ 



< C 



wi{s) 
dsWi{s) 



W2{s) 
dsW2{s) 



n 



1 + 



wi{s) 
dsWi{s) 



+ 



n 



W2{s) 
dsW2is) 



n 



Proof: For (i), see Lemma 2.2 page 51 in [12]. For (ii), use (i) and identity (49) page 59 in 
[12]. For (iii), see (ii) of Proposition 1 page 47 in [12]. The proof of (iv) is straightforward 
from the definition (1.8) of E{w). ■ 

To prove estimates about (p, we take advantage of the decouphng in the sohtons' sum 
(see (3.59)) and use information we proved in [12] for the 1-sohton version of ip defined 
for all d G (—1, 1), r and r' in H by 

'Pdir, r) = 1' {r[v{{l - y^) - (^nidY'^ - ^ri + T2V^ pdy (B.l) 

and satisfying (see estimate (138) page 91 in [12]): 

\Vd{r,v)\<C\\r\\H\\r\\H- (B.2) 
It happens that the proof is clearer in the ^ variable where 

y = tanh^. 

More precisely, let us introduce the transformations 

- _ O 1 n 1 I 1 

r{y) 'Tr{i) = r(^) = r(y)(l - y )p-i and r{y) Tr{^) = f(^) = r{y){l - y )p-i 2, 

(B.3) 



and for r = (ri,r2), the notation 

T(r) = f 



ri 



-Tin) 

nr2) 



In the following claim, we transform (p and (pa in the new set of variables. Let us first 
introduce the quadratic forms (where d G (—1, 1)): 



y^d{q, q) = / {qWi + PdiOn^i + Q2CI2) 

<^(9,q) = / (^iq'i +/3(^,s)giqi + g2q2) 

JR 



(B.4) 
(B.5) 



where (using (1.11)) 



MO = 



Kocosh f-i(0, 
4 



- ^>^o(C - C)^~^ with d=- tanhC, 

(B.6) 



(p-l) 



i=l 



p-1 



(B.7) 



In the following claim, we give the effect of the new transformation: 
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Claim B.2 

(i) There exists Co > such that for all r £ 7i, we have 

■^Mln < \\f\\mxL'^{R) < Co\\r\\n- 

(ii) Ifn G Ho, then (1 - y')f (^n - = (din - (^n) . 

(in) For all r, r inH and d G (—1, 1), we have 

ip{r, r) = cp (f, f) and (pd{r, r) = (fa {r, f ) 
where (p and (fid o,i~s introduced in (B.5) and (B.J^). 
Proof: 

(i) Consider r = (ri,r2) G TL. Using (B.3), we first write 

/ n(e)2dC= l\^{yfjM^dy^nd [ f2{0^d^= C r2{y?p{y)dy. (B.8) 
jR J-1 1 - r jm. J-1 

Using Lemma B.l, we obtain 

llnlli^ < / n{0'd^<\\rfn. (B.9) 

Now, using again (B.3), we write 

= dyn{y){l - - ^(1 - y^)^^ri{y), 

therefore, 

\d^n\^ < 2\dyri\^p{l-y^f + C\ri\^p, 

|9,ri|V(i-y')' < 2\d^n\^ + C\n\\ 

Integrating tfiis and using Lemma B.l, we write 

/ l^^fipd^ < 2 /' |a,ri|V(l - y^)dy + C r rl-^dy < C\\rf^, 

jR J-1 J-1 i- — y 

r |9^ri|V(l - y^)dy < 2 / Id^nfd^ + C f \n\^d^. (B.lO) 

J-i Jr Jr 

Gathering (B.8), (B.9) and (B.lO), we conclude the proof of (i). 

(ii) See page 60 in [12]. 

(iii) We only prove the estimate for (p since it is even easier for (p^. Using the definitions 
(3.65), (1.7) and (3.57) of (p, L and '0, integration by parts and the change of variables 
(B.3), we write 

^p(r, = J [--Cri.ri - tpriTi + r2r2] pdy 

{-Cri + -^—^ri)vipdy -p j riri\K\P-^ pdy + j r2r2pdy 

= / (1 - y^)f{-Cn + ^^^±ilri)fio!4 -p f nf i \K\P-^d^ + / rs? 
Jr \P — J-j Jr Jr 
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Using (ii) and integration by parts, we see that 

4 



fir, r) 



ip - 1)2 



ri rid^ — p / riri|iC|^ 



f2r2dC 



= f{r,r) 

where <p is introduced in (B.5). This concludes the proof of Claim B.2. ■ 

As we said earlier, we take advantage of the decoupling in the solitons' sum. In the 
following claim, we give a localized estimate coming from an identity we proved in [12] for 
ipd, the 1-soliton version of ip defined in (B.l), then we derive a global estimate for (p. 

Claim B.3 (Identity for ip^) 

(i) There existed > and Aq > such that for all A > Aq, d G (—1, 1) andq G i?^xL^(M), 
we have 



fd 



A=0 



where XA,diO — Xi,o(^^); tanh(" = —d and xi,o £ C'°°(M, [0, 1]) is even, decreasing for 
C > with xifiiO = 1 Id < 1 and xi,o(6 = 'if \^\ > 2. 

(ii) There exists 62 > such that for s large enough and for all q G x L^, we have 



k 2 



2=1 A=l 



Proof: 

(i) Consider some d G (—1, 1) and r On the one hand, we write from Proposition 4.7 
page 90 in [12], 



<^d(r-,d,r_,d) > 2ei||r||^ - - ^ \4{r)\' 



(B.ll) 



A=0 



for some ei > where rl = 7rl(r) defined in (3.73). On the other hand, using the 
continuity of ipd stated in (B.2) and (3.61), we write 

1 1 
Mr-,d,r-,d) < Mr,r) + Cj2\^i{r)\'' + C\\r\\nJ2\^iir)\ 



C 



A=0 
1 



A=0 



< fd{r,r) + -^\TTi{r)\^ + ei\\r\\n. 
A=o 



Using (B.ll), we see that 



A=0 
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Using the ^ framework and Claim B.2, we get for all q & x L'^ 

1 I 2 

MQ,Q)>^o\\qfHi^LHR)-T.K(.T-\q)) • (B.12) 



A=0 



Now, we claim that (i) follows from the fact that for all d G (—1, 1) and A = or 1, we 
have 

WeH^xL'^iR), \TTi{f-\u))\ <C y"Ko(^-C)l(l^^i(6l + l«2(6l)'^C where d = -tanhC- 

(B.13) 

Indeed, consider q e x L^, de (—1, 1), ^ > and A = or 1. Taking 

u = f-\q{l-^XX2)), 

using the Cauchy-Schwartz inequality and performing the change of variables = ^ — C) 
we see that 

\7ri{f-\q{l - v^)))| < Cj Koi^ - 0(1 - VXA'd)i\<liiO\ + 192(01)^^^ 

Using Lebesgue's theorem, we find > such that if A > Aq, then 

\'Ki{f-\q{l - < ^|]^Mm.L^ 

(uniformly in d G (—1, 1) of course). Since irf is linear, this gives 

Using (B.12) with q-^XA,d, (i) follows. It remains to prove (B.13) to finish the proof of (i) 
of Claim B.3. 

Proof of (B.13): Consider d G (—1, 1), A = or 1 and u e x LP'. If we introduce 
r = T~^{u) which is in H by (i) of Claim B.2, then we have from (3.51) and integration 
by parts 

A{r) = J ^ [{-jCWx,i{d) + Wx,iid))ri + Wx,2{d)r2] p{y)dy. (B.14) 
Since we have from (3.53), (3.54) and (1.11) 

W^,2{d,y) < CK{d,y) and \ - CWx,i{d,y) + Wx,iid,y)\ < C^^, 
we get from (B.14) and the transformation (B.3) 

|7r^(r)| < C f K{d,y)\niy)\-^dy + C f Ac(d, y)|r2(y)|p(y)dy 

j-i ^ ~ y J -I 

< C j R{d,0\uimdi + J f^{d,0\u2md^- 
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Since we have from (B.3) and (B.6), 

2 

'^'{d, ^ i^id, — '^0 cosh p-i — C) = /^oC^ — C) with d = — tanh, 
(B.13) follows. This concludes the proof of (i) in Claim B.3. 
(ii) Introducing the notation 



Xi = XA,d,{0 = Xl,0 



A 



and using (B.5), we write 



= E 



2(P+1) 



<iixj+ / fe-P / wrWxj 



+ /(%i)^(i-Ex.) + ?^/«?(i-Ex.)+/.i(i-Ex.) 
- |i?rig?(i-x:x,) 



= ^^{<l^/Xj,(l^/Xj) + ^\ (l^ 



l-Exi) +^i(^) (B-15) 



where 



= ~H W (^?Vx7)^ - 2 / qid^qiVxjd^Vxj 

.7=1 "^"^ 



l-^Xj-(B.16) 



Using the definitions (B.5) and (B.4) of ip and ipd, we write 
'f {<lVXj,QVXj) = <Pdi{s) {QVXj,QVXj) - h{s), 





k 






k 






i=i \ 








-his 



where co(p) = min (l, , 

l2{s)=p I {\K{C,s)r'-Ro{C-Ci{s)r-')q!xj^^dh{s)=p J \KrVi{l -J^^j)- 
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Since we have from Claim B.3 and (B.7) 

\d^Xj\ < C/A, II {\K{^, s)r^ - Ko(e - CiisW) XilU- < C{A)J{s), (B.17) 

k 

and \\\Kr\l-J2xML^<Ce-^^ 

where J{s) — > is defined in (3.4), it follows that for A and s large enough, 

C, 



|/l(s)| + |72(s)| + |/3(s)|<^lkl|||l. 



(B.18) 



Therefore, using (B.15), (B.16), (B.17), (B.17), (B.18) and Claim B.3, we write for A and 
s large enough. 



k 






<^iQ,Q) > (^0^\\q^/Xj\\HlxL^+(^iP) 













- jlkll^ixL^(B-19) 
3=1 A=0 

Since (B.15) holds with (p replaced by the canonical inner product of x L^, we use 
(B.18) to write 



k 




k 


ii2 ^ ^ II 1 1 2 













C 2 

+ -J^MWh^xl'^ 



H^xL'^ 



hence for A and s large enough, 

k 



kWmxL^ <^^\\QVXj\\HixL^ + ^ 



mxL'^ 



and (ii) follows from (B.19). This concludes the proof of Claim B.3. ■ 

B.2 Proof of Lemma 3.10 

Now we are ready to start the proof of Lemma 3.10. 
Proof of Lemma 3.10: 

(i) Since i^{y,s)=p\K{y,s)\P-^ - ^ with K{y,s) = E)=i e,'«(o!i(s), y) by (3.57), 
we split ip{r, r') into 2 parts as follows: 
- We first use the definition (1.9) of the norm in H to write 



j ^ (^yridyr[{l - y^) + ^^^j^'^i'^i + r2r'^ pdy 



< Cllr-|l:fi||r'||H- 
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Then, using Claim B.l, we write 



j'^\Kis)\P-'rir[pdy 



< C C ^^^Pdy < CllnlL. ^ llrlll^. ^ < C||r||w||r'||,,. 



Using these two bounds gives the conclusion of (i). 

(ii) Proof of (3.67): It immediately follows from (3.64), (3.70) and (3.71). 

Proof of (3.68): The right inequality follows from (i). For the left inequahty, we use Claim 
B.2 to translate (ii) of Claim B.3 back to the y variable: 
for some 62 > 0, for s large enough and for all r G 7^, 

k 1 



^ 1=1 A=0 

Using (B.20) with r(y) = (?-(y, s), we write 

k 1 

(^(g_,g_)>e2||g_|||,-^^^|7r^^(g_)|2. (B.21) 

^ i=l A=0 

Since 7r^'(F{^0 = by (3.63), we use (3.67) to write 

k 

7r*(g_) = 7r^'(g) - W^r* (F^ = J^tt? (g)7r^^(F?)- (B.22) 

Using (3.70), (3.51) and (3.55), we see that 

= (9)1 = \mx{d^),<l)\ < \\Wxid,)\\n\\q\\H < C\\q\\H. (B.23) 
Using (3.51), integration by parts and the definition (1.7) of C, we write 

+ J ^Wx,2{di)F^,2{dj)pdy 

= {-jCWx,M) + Wx,i{di)) F^,i{dj)pdy + J'^ Wx,2{di)F^,-2{dj)pdy. 

Since we have from the definitions (1.11), (3.53), (3.54) and (3.60) of K{d,y), Wx{d,y) and 
F^{d,y), for ah (d,y) G (-l,l)^ 

\Wx,2{d,y)\ + \jCWx,i{d,y) - Wx,i{d,y)\ < and \F^,iid,y)\ < CK{d,y), (B.24) 

we use (i) of Lemma E.l to write for s large enough, 

4'iP^^idi))\ <C j ^ Kidi)Kidj}^-^dy < C\Ci - 0|e-^l^^-^^l < CJ{s) (B.25) 
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by definition (3.70) of J. Using (B.22) and (B.23), we see that for s large enough, 

|7r*(g_)|<CJ||9||H. 
Using (B.21), we see that the left inequality in (3.68) follows. 

Proof of (3.69): The right inequality follows from (B.23), (3.66) and (3.68). For the left 
inequality in (3.69), we write from the bilinearity of if, (3.67), (3.66) and (3.61) 

k k 

q-) > ¥'(9,9) -<^$^|aiP-c'lkllHXll"il 

1=1 i=l 

C ^ e 
> ¥'(g,g)--I]|ail'-^lkllw 

where ei > is introduced in (B.20). Using (B.20) with r = q, we get the left inequality 
in (3.69). This concludes the proof of Lemma 3.10. ■. 

C Projection of equation (3.57) on the different modes 

We prove Lemma 3.11 here. We proceed in 3 parts to prove (i), (ii), and finally (iii). 

Proof of (i): Projection of equation (3.57) on Fi{di{s),-) and Fo{di{s),-) 

We prove (i) of Lemma 3.11 here. Fixing some i = l,...,k and projecting equation 

(3.57) with the projector (3.51) (where A = or 1), we write (putting on top the main 

terms) 

.J(^) id.q) = .J(^) (L,,,)(,)) - e.dU.).J(^) ( '^^<'^^'^^y^ ) + ( I 



^0 J ^ \ R 

te,4W>r*<"(«<''(^'-'')c.l) 



Note that we expand the operator L{q) according to (3.58). In the following, we handle 
each term of (C.l) in order to finish the proof of (3.74). 

- Using the analysis performed in Claim 5.3 page 104 and Step 1 page 105 in [12] for 
the case of one soliton (A: = 1), we immediately get the following estimates: 

4^^'\d,q)-a\'{s) < i_ (^°(,))2 l^^(^)lllg(^)llH < Co\Cl{s)\\\q{s)\\n, 

^^^'^^^ U ) = ~{p-l){l- idiisW)^''' = (^^^^'^'^^■°' 

\f{qi)\ < C5{p>2}kir + C|Kr2|gi|2 (C.2) 

(recall that 

di{s) = -tanhO(s), hence C'i{s) = -]^^^)- (C.3) 
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Since we have from the definitions (3.57), (1.11) and (3.53) of R, K{d, y) and Wx^2{d, y) 



\R{y,s)\ < Cj2<dj^yy + <di,y)P-^Kidj,y) and m,2idi,y)\ < Ci^{di,y), (C.4) 
we use (3.51), (i) of Lemma E.l and the definition (3.4) of J{s) to write for s large enough, 



Wx,2{di)Rpdy 



< 



CY,j^<di)K{djYpdy + J ^ n{diYK{dj)pdy 

(C.5) 



Using (3.51), (C.4), (C.2) and the Holder inequality, we write 
^''^/(9i)) - C f_^<di)\f{q^)\pdy 



< C5p>2 j^^K{di)\qr\Ppdy + C j'^K{di)\K\P-^\qifpdy 

< CSp>2\\K{di)\\j^p+i\\qif +1 +CJi\\qi{l -y^)^||ioo 



where 



Ji = J^^K{di)\K\P'^dy. 
Using (v) of Lemma E.l and Claim B.l, we see that 



(C.6) 



TT 



di 







< C £^ K{di)\J{qi)\pdy < C6p>2\\q\\'^ + C\\qfn < Chfu (C.7) 



where we use (3.56) in the last step. 

- We claim that for some 5i > and for s large enough, 

<C\\qfn + CJ^+'^ 





Viqi 



(C.8) 



and 



\V,{y,s)\ < Cl{,^_,<,<,^j^«(d„y)f-2K(d;,y) +C5;«(d;,y)^-il|,,_^<,<,,} (C.9) 

where yo = —1, yj = tanh(^^^!^^) if j = 1, ..,k — 1 and y^ = 1. In particular, we have, 
-1 = yo < -c^i < yi < -d2 < ■■■ < yj < -dj < yj+i < ... < -dk < yk = 1 

and K{dj{s),yj-^-i{s)) = K{dj+i{s),yj^i{s)) for j = 1, ...,k — 1 (use (3.102) to see this). 
We first prove (C.9) and then (C.8). To prove (C.9), using (3.59), we see that: 
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• if y G {yi-i{s),yi{s)), then \J2ijLi(^ii^(.di{s),y)\ < 3K{di{s),y), hence from (3.58), 

my,s)\ < CY.i^,K{ck{s),yy-^K{di{s),y)- 

• if y G (y;_i(s),y;(s)) for some I / i, then for all j = 1, ...,k, K{dj{s),y) < K{di{s),y), 
hence, from (3.58), \Vi{y,s)\ < CY.]=i^{dj{s),yy-^ < CK{di{s),y)P-\ 

Thus, (C.9) follows. Now, we prove (C.8). Using (3.51), (C.4), Claim B.l and (C.9), we 
write 



TT 





Viqi 



<C l'^K{di)\Viqi\pdy 



< C\\qi{l - y2)^ llioc +c(^J^^ K{di) \Vi\ (1 - y^)^^dy 

< C\\qfn 

+ ^Y^ir <diy-'<di){l-y^)l^^dy\ + ( T K{diy-\{di){l - y^)^^ 
i^i yvi-i J yyi-i 



dy 



Using (ii) of Lemma E.l, (C.8) follows. 



- Consider j ^ i. Since we have from the definitions (1.11) and (3.60) of K{d,y) and 
Fo{d,y), 



ddK{d, y) 


we use (B.25) and (C.3) to write 



2ko 



(p-l)(l-d2) 



i^o(d,y), 



(C.IO) 



^fd, ( ddK{dj) 



< 



C\d'j\ 



4'iFo{dj)) <CJ\C'\ 



(C.ll) 



where J{s) is defined in (3.70). Using (C.l), (C.2), (C.5), (C.7), (C.8), (C.ll) and (3.71), 
we write for alH = 1, .., (starting with A = and then A = 1), 



IC;i < C\Ci\\\q\\n + CJ+C\\qf^ + CJY,\C'j\, 
< C\a\q\\n + CJ+C\\qf^ + CjJ2\C'^\, 



(C.12) 
(C.13) 



Since \\q\\n + J ^ (see (i) of Lemma 3.9 and (3.70)), summing up (C.12) in i, we get. 



J2\Ci\<CJ + C\\qfn. 



i=l 



Plugging this in (C.13), we get 



<CJ+C\\qfn, 



which closes the proof of (3.74). This concludes the proof of (i) of Lemma 3.11. 
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Proof of (ii): Differential inequality satisfied by ^ (s) 

We proceed in 2 steps: we first project equation (3.57) with the projector 7r_ defined 
in (3.64), and then use that equation to write a differential inequality for A- = ip{q^,q-.). 

Step 2.1 : Projection of equation (3.57) with vr^ 

In this claim, wc project equation (3.57) with the projector 7r_ defined in (3.64): 
Claim C.l (A partial differential inequality for g_) For s large enough, we have 



^^^--'^'^--g"'^^^^(W^.) )-(/(.!) 







< CJ + C\\q\\^ 
where J(s) is defined in (3.4) ■ 

Proof: Applying the projector 7r_ defined in (3.64) to equation (3.57), we write 
idsq) = (Lq) - i: ( f''^'^^ ) + ( 'f^^^^ ) + ^ ( ) " 



(C.14) 



In the following, we will estimate each term appearing in this identity. 

- Proceeding as for estimate (213) in [12] in the case of one soliton, one can straight- 
forwardly control the left-hand term as follows: 



h-{dsq) - dsq-\\n < CJ\\q\\n + C\\q\\^ 
We claim that for s large enough, 

i) , 

n 



< C||g||^ + CJ^+^i 



(C.15) 



(C.16) 



where (^i > is introduced in (C.8). Indeed, applying the operator L to (3.67) on the one 
hand, and using (3.64) with r = Lq on the other hand, we write 



Therefore, 



= ^nf^'\q)LF^{d^{s),-)+Lq. 



k k 



^ 7rt^'\Lq)F,{diis), •) +^7r'/'\Lq)Fo{d^{s), •) + 7r_(Lg). 



1=1 



k k 



7^^{Lq)-Lq_ = Y,4^'\Q)LFlidi{s),■)-ni'^'\Lq)F^{d^^^^ 

(C.17) 



i=l 



i=l 
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Since we have from (3.51) and (3.62), TTfiLdr) = (p{Wx{d, ■), Lar) = (p{L*Wx{d, ■) , r) 
\Trf{r), using this with (3.58) and (3.61) gives for A = or 1, 



LFx{di{s),-) = La^^,)Fx{di{s),-) + 



= XFxidiis),-) + 







.t^^\Lq) = .J«(L,,(.),) + ( l^^^ ) = AvrJ«(,) + ^) ( J,^^ ]C.19) 

Using (C.17), (C.18) and (C.19) together with (C.8) and (3.61), we get (C.16). 
- Using the definition (3.64) of the operator 7r_, we see that 



7r_ 



ddK{di,-) 




ddn{di,-) 




(C.20) 



k 

i=i 



d, f ddn{di,-) 




F,{d^,.)-Y,4' 

i=i 



dj ( ddK{di,-) 







Fo{dj,' 



Using (C.IO), it follows from the orthogonality relation (3.63) that for A = or 1, 



ddK{di, ■ 




Therefore, it follows from (C.20) that 



7r_ 



ddK{di, •) 




3+1- 



dj ( ddK{di 




Fi(d„.)-^4^ 



ddK{di, ■ 




ddn{di 




Fo((i,v 



Using (C.ll), (3.61) and (3.74), we see that 



d^(s)7r_ 



ddK{di{s),-) 




n 



< CJis)\Ci{s)\ < CJis) {\\qis)f^ + Jis)) . (C.21) 



From definition (3.64) of the operator 7r_, (3.61), (C.7) and (C.5), we have 

k 



TT- 







TT- 




R 








R 



'H A=l,2; i=l 

k 

'H A=l,2; 1=1 



di{s) ( 



A 



fiQi) 



<C\\q{s)\\jlp.22) 



TT 



R 



< CJ{s). (C.23) 



Using (C.14), (C.15), (C.16), (C.21), (C.22) and (C.23) closes the proof of Claim C.l. 

Step 2.2: A differential inequality on A-{s) 

By definition (3.70) of a-(s), it holds that 



(C.24) 
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with 



„1 k 

ddK{di)\Kf~'^ {Q-,if pdy and K = ^ ejK{dj). 
"'-I ,=1 



Since we have from (C.IO) and (B.24), < using (C.3), (v) of Lemma E.l, 

(i) of Claim B.l and (3.72), we see that 

K\\h\<^^ f^K{dmr'dy\\q-,i{l-y^)^^\\l^^ 

(C.25) 

Using (C.24), (C.25) and (3.74), we get 



^A'_(s) - (p{dsq-,q-) 



<C\\qfn{\\qfn + J)- (C.26) 



Using (3.72), (3.66) and Claim C.l, we estimate (p{dsq-,q-) in the following: 

ip{dsq-,q-) - ^p{Lq^,q-) - j ^q-,2fiqi)pdy - J ^q-,2Gp{y)dy 



< C\\q^\\n (J + Ikll^) < CJ^/\Al\ + CJJ\\q\\n + C\\qfn 

k-l 

< CJ./\Ar\ + C\\qf^ + cY,iK<m+i-Cm)f (C.27) 



where h is defined in (3.50) and 



G{y,s) = Y,»\i^)yi{y^^)Fi,iidiis),y) + Riy,s). (C.28) 



i=l 



In the following, we estimate every term of (C.27) in order to finish the proof of (3.75). 

- Arguing as in page 107 of [12], we write 

4 /"^ 

^(Lg_,g_) = -— ^ j^^ql^^-^dy. (C.29) 

- Since we have from the definitions (1.11) and (3.60) of K{d,y) and Fi{d,y), 

Fi,i{d, y) = Fi^2id, y) < CK{d, y), (C.30) 
using (3.67) and (C.7), we write 

q-,2f{qi)pdy - j'^ q2f{qi)pdy < Cj^ K\ i^{di)\f{qi)\pdy < C\\q\fn- (C-31) 
If we introduce 
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then it is easy to see that 

< Ckir' + Cd{p>2}\Kr^\qi\'. (C.32) 
Introducing i?_ = — J J^{q{)pdy and using equation (3.57), we write 

^- + q2f{qi)pdy = RL + j^^ dsqif{qi)pdy + ^ ^ ddK{di) f {q^) pdy (C.33) 

= {^an{di)f{q^)-^d,Hql))pdy = ^^^^i^Y.'^^ t dMdiUrViPdy. 



Therefore, using (C.31) and (C.33), arguing as for (C.25), using (v) of Lemma E.l and 
(3.74), we write 



1 k 



q2-f{qi)pdy + Ri 



1 



< C\\qfn + cY,Y^MqfH < C {\\qfn + J\\q\\UP-^^) 



i=l 



p-2 

P+i 



Note that from (C.32), the Holder inequaUty and Claim B.l, we have 
£^Tiqi)pdy < Iqi^'pdy + C5^>2} £^ \K\P-^\qi\' pdy 

< CUrn' + CS{p>2} (^f_^ \qir'pdy^ W^'pdy 

< C\\qrTt'+CSip>2}\\qfn<C\\q\fTt' (C.35) 

where p = min(p, 2). 

- Using the Cauchy-Schwartz inequality, we write 

£^ q-,2Gpdy < £^ ql ,^-J-^dy + C £^ G^p{l - y')dy. (C.36) 

Prom the definition (C.28) of G, we need to handle R and V^Fi^i. We start by R first. 
We claim that 

k 

\R\ < CY,^idj{s),yr-'l{y,_,is)<y<y,is)}T.<'^l('')'y) (C.37) 

where 

yo = -l, y,- = tanh if j = 1, .., A; - 1 and = 1. (C.38) 

In particular, we have 

-1 = yo < -di <yi < -d2 < ... < yj < -dj < yj+i < ... < -d^ < yk = I 
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and K{dj{s),yj^i{s)) = K{dj^i{s),yj+i{s)) for j = 1, k — 1 (to see this, just use the fact 

„ 1 2_ 

that y)(l — y = kq cosh p-i — (^j) if y = tanh^). 

To prove (C.37), we take y £ {yj-i(s),yj(s)) and set X = eiK{di(s),y))/ejK{dj(s),y). 

Prom the fact that — ~^ cso, we have \X\ < 2 hence 

\\1 + X\P-'^{1 + X)-1\ <C\X\ 
and for y G (yj_i(s), and s large, 

\\Kr'K-ejK{djis),yr\ < C«(d,(s), yf-^ J] ^(dKs), y). 

¥j 

Since for all y G {yj-i{s),yj{s)), K{dj{s),y) > K{di{s),y) if Z 7^ j, this concludes the proof 
of (C.37). 

Using (C.37), we see that 

k ftqi- k 1 



- y^)dy <CJ2J2 i^{djf^-^\{difp{l - y^)dy <CJ2 HCm+i - Cm? 

■1 3=1 li^j -^W-i m=l 

(C.39) 

where h is defined in (3.50). 

Now, we handle Using (C.9), (C.30) and (i) of Lemma E.l, we see that 

f_ (F,Fi,i(d,))V(l - y^)dy <CY. f_ ^difnid^f^P-^'^pil - y^)dy 

+ C'<5{p>2} f <dif^P-''^K{djfpil - y^)dy ^ as s ^ 00. 
Hence, using (3.69), we see that 

{ViFi,M)fp{^ - y')dy = o iWqfn) . (C.40) 

Gathering (C.26), (C.27), (C.29), (C.34), (C.36), (C.28), (C.39) and (C.40), we get to the 
conclusion of (3.75). Note that the estimate for i?_(s) is given in (C.35). 

Proof of (iii): An additional estimate 

We prove estimate (3.77) here. The proof is the same as in the case of one soliton 
treated in [12], except for the term involving the interaction term R{y, s) (3.57). Therefore, 
arguing exactly as in pages 110 and 112 of [12], we write 

k 



d_ 
ds 



j qiqipdy < -J^A- +CJ^ + C J ql^2Y^dy + C^\q\\^ + j qiRpdy. 



Since we have from the Cauchy-Schwartz inequality, (i) of Claim B.l, (3.67) and (C.39) 



1 

qiRpdy 



1 



1 J- - y / 



^ ( / ^t-^dy] ( / i?^(l-y>dy 



\ — / \ k—1 

< C\\q\\n(J_ R\l-y')pdyy <^lA_ + Y,io^\)A+Cj2KCi+i-Ci) 

^ ^ ' \ i=l / i=l 
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where h is defined in (3.50), this concludes the proof of (3.77) and the proof of Lemma 
3.11. ■ 

D A continuity result in the selfsimilar variable 

We prove Claim 4.5 here. Consider cq > and from (4.8), fix i close enough to r(a;o) so 
that 

\\wxo{so) - Woo\\l-2 < eo where sq = -log(T(xo) - i). (D.l) 

Note from (4.7) and the continuity of a; i-^ T(x) that u(x,i) is well defined for all x G 
[x,xo + {T{xo) — t)) for some x < xo — {T{xo) — i). Therefore, using the selfsimilar 
transformation (1.5), we see that 

wi; so) G L\y, 0) where y = J ~ - < -1. (D.2) 

T{xo) - t 



We aim at proving that for x' close enough to xq, we have 

< 6eo where so(x') = - log(r(a;') - i). (D.3) 



Wx'isoix')) \ _ f w 

dsWcc'isoix')) J I 



oo 



H 



For simplicity, we will only prove that 

\\wx'{so{x')) - WooWl^ < 2eo, (D.4) 

provided that xq — x' is small. The estimates involving dyWx'{so{x')) and dsWx'iso{x')) 
follow in the same way. 

Using the selfsimilar transformation (1.6), we write 

2 

VyG(-l, 1), Wx'{y,soix)) = 9p-^Wxo(.y,so) where y = ye + (D.5) 

^ 1 and ^ = {x' - xo)e^o(^')^ ^ as x' ^ xq. (D.6) 



l + e^oi^'\T{xo) - T{x')) 
Therefore, performing a change of variables, we write for xq — x' small enough, 

\\wx'{so{x'))-Wrx,\\\'2= / \wx'{y,SQ{x'))-Woo{y)\^p{y)dy 
'' J-i 



2 



6*^-1 w^xo(y> So) - Wo 



e 



2 



P 



9 / e 



Since we have from (D.6), (D.3) and the fact that x i— > T{x) is 1-Lipschitz, 

l + {x'- xo)e^'°(^') _ T{x') -i+x'-XQ ^ 
+ ^ - 1 + eMx'){T{xo) - T{x')) ~ T{xo) -i 



it follows that ^ 

" - /_ 



\wx'{s) -WooWh = g{e,^,y)dy 
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where y < — 1 is defined in (D.2) and 



Wo 



(D.7) 



Op-^Wxo{y,so) 

We claim that in order to conclude, it is enough to prove that for xq — x' small enough, 

Vy e (-0 + ^ + 6, y) < ~9{y) for some ~g e {y, 1). (D.8) 

Indeed, since we have from (D.6) that 

e {y, l), giO, y) 5(1, 0, y) as x' xq, 
we use (D.8) to apply the Lebesgue Theorem and obtain that 



\wx'{sq{x')) - w, 



j 9{G,i,y)dy^ J ^g{l,0,y)dy = \\wxo{so) - 



2 

oo|lL2 



as x' ^ Xo- Using (D.l), we see that for xq — x' small enough, (D.4) holds. It remains to 
prove (D.8) in order to conclude. 

If -f + ^ < 2/ < 0, then we have p(^) < 1. Using (D.7), (D.6), (D.2) and the definition 
(4.9) of Wcyo-, we write for xq — x' small enough: 

g{0,i,y) < C{\wj:Q{y,SQ)\^ + ||w^oo||ioo(_i,i)) G L^iy,0). 

If < y < 9 + ^, then we have from (D.6), p{^) < C(l - ^)^ = C(i=|±^)^ < 
2 

C(l — y)p-^ < Cp{y). Therefore, using (D.7) and (D.l), we write 

Thus, (D.8) holds and so docs (D.4). 
Since the same technique works for 



dyW^iUx'))-^ 



and \\dsW^'{so{x'))\\]^2, 

Li " 

p(l-y2) 



estimate (D.3) follows in the same way. This concludes the proof of Claim 4.5. 



E Computations in the ^ variable 

In the following, we compute integrals involving the solitons K{d,y) (1.11). 

Recalling that y = —di{s) = tanh(^j(s) is the center of the i-th soliton K(di{s),y), we 

introduce the following "separators" between the solitons: 

yo = -1, yj = tanh if j = l,..,k-l and y^ = 1 (E.l) 

Note in particular that we have 

-1 = yo < -di <yi < -d2 < ... < yj < -dj < yj+i < ... < -dk < yk = 1 
and K{dj{s), yj+i(s)) = K{dj+i{s),yj+i{s)) for j = 1, k — 1 (to see this, just use the fact 

1 2_ 

that K{d,y){l — y )p-^ = Kocosh p-^{$, — d) if y = tanh^). 

In the following lemma, we estimate various integrals involving the solitons K{di{s),y): 
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Lemma E.l (A table of integrals involving the solitons) We have the following 

estimates as s ^ oo: 

K{dj)°'K{dif{l - y^) p-i dy, then: 

for a = /3, /i ~ Colo - 0|e"^"^'"^^'; 

for a^P, c7Qe-ij^™n(°-/3)IO-OI ^^^g ^ Co(a,/3) > 0. 

Ifi^j, a>0, P>0 andl2 = / K{dj)"' K{dif {1 - p-i Vy, i/ien; 

/or a = ^, /2 < ClO+i - Q|e-F^I^^+i-^^l + C|0_i - 0|e-^l^^-^-^^l; 
for a> P, l2< Ce"^'^^+i~^^l + Ce^^'^^-^"^^'; 
for (3>a, l2< Ce"^^'^^+'"^^' + Ce ^^l'^^-^ '^^L 

(Hi) Let Aij^i = / —K{di)K{djY K{di)pdy with I ^ j. Then, for some > 

Jyj-i ^ 
and 5^{p) > 0, we have: 

-ifi = j andl = i±\, then \Ai^i^i - sgn{l - j)c'/'e"i^l^'~^'l| < CJ^+^^, 
- otherwise, ^ij,; < CJ^'^^^, where J is defined in (3.4)- 

(iv) If I ^ j, then Bij^i = / K{di)K{djf-PK{difpdy < CJ^+^'' for some 5q{p) > 
(with p = mm{p, 2) ). 



(v) For any i = l,..,k, it holds that Ji = J K{di)\K\P '^dy < C where K{y,s) 
defined in (3.57). 

Proof, (i) With the change of variables y = tanh^, we write 



IS 



h = t^t^ / cosh-i^ (e - 0) cosh"?^ - Qd^. 

JR 

Prom symmetry, we can assume that a > (3 and Q > (j- Using the change of variables 
z = ^ — Q, we write 



2/3 



/i = Kq / cosh p-i {z) cosh p-i [z + C,j — Q)dz. 

When a > P, we get from Lebesgue's Theorem Ii ~ Ce p-i^^' 
When a = (3, we write from symmetry and Lebesgue's Theorem 

„ , f 2 2/3 2/3 25 , 

h = 2k°+^ / cosh~?^ (z) cosh~?^ {z + Cj - Ci)dz ~ C(Ci - Cj)e'^^^~^''. 

J —oo 

(ii) Since I2 < Ii and \(j — Ql > min(|Cj+i — — Cj-i|)) the result follows from (i) 

if a > /9. When a < P, we assume that Q > (^j, the other case being parallel. Using the 
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change of variables y = tanh ^ then z = ^ — Q, we write 



a+8 f ^ 2a 2/3 

^2 = / , cosh p-i(2;)cosh p-i + G - Ci)c^^ 

•' 2 

(Cj+i-Cj) 

~ e p-i*'^' / cosh J'-i(z)eJ'-i 

J —oo 



since ("i — Cj Cj+i ~ Cj) which yields the result. 

(iii) If i = j, we assume that Q > d, since the other case follows by replacing ^ by — ^ 
(generating a minus sign in the formula). Therefore, it holds that 

0>Cm- (E.2) 

Using the change of variables y = tanh^, we write 

Ai,i,i = Ll^^ cosh-^(C-0)tanh(^-Ci)cosh-^(e-OR 

(Ci+i-Ci) 

= '^0^ / . ' ^ cosh~^^(2;)tanh(2;)cosh~i=^(2; + Ci-0)<^'2^- (E-3) 

/ (Ci Ci— l) 

2 — 

Since we see from (E.2) that when z < it holds that z + Ci - < ^^'+2""^''' + Ci - 

Ci+i = — i^iiii^ — ^ —00 as s — 00, we deduce that 



2_ _2_ 2(z+Q-Ci) 

cosh p-i (2; + Ci ~ 0) ~ 2p-i e p-i 



< Ce ~^ (XQ^+•i-i^)_ 



Therefore, using (E.3) and the definition (3.4) of J, we see that 
where 

2 r 2p 2z 

ci" = 2p-^ Kq / cosh p-^ {z)tsLnh{z)ep-^dz 

JR 

2 , Z""" 2p 2z 2z 

= 2p-^Kq / cosh p-i (z) tanh(2;)(eJ'-i — e p-i)d2;>0, 
which gives the result when / = i + 1. 

Ul>i + 2, then e^~^'^'"''*^ < e"F^(^'~^*+i)e"i^^^'+'~^*^ < and the result follows as 
well. 

Now, if j 7^ i, then we have from the Cauchy-Schwartz inequality, 

Aij,i < (j^' K{djr-^K{difpdy\ (j^' Kidj)P-\{difpdy\ , 
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and the conchision follows from (ii) and the definition (3.4) of J{s). 

(iv) If i = j, then the result follows from (ii). If i / j, using the Holder inequality 
with P = p+1 and Q = , we write 



1 _p 

p+1 / pyj \ p+1 



B^,j,i< I r K{d^f+^n{d,Y-^pdy\ [ r K{dir+'K{djr-Ppdy 
YVj-i ) YVj-i 

and the result follows from (ii) and the definition (3.4) of J{s). 
(v) Using the change of variables y = tanh^, we write 

Ji = 4"' I cosh-?^ (C - Q\K{i, s)r''di where K{i, s) = V e,- cosh"?^ (^ - C,)- 

(E.4) 

If p > 2, then |i^(^, s)\<C and \ Ji{s)\ < C. 

2 

If p < 2 and the ej are the same, then 1^(^,5)1 > cosh p-i(^ — Q) and |Ji(s)| < 
^cosh-2(e-0)rf^<C. 

It remains to treat the delicate case where p < 2 with the ej not all the same. Taking 
advantage of the decoupling in the sum of the solitons (see (3.59)), we write 

Ji = 4~'y] cosh-^^{C-Ci)\K{C,s)r^dC (E.5) 

j=l JOj-i+A 

where = — oo, 6j = ''^"^^^+^ if j = 1, A; — 1, 6*^ = oo and A = A{p) is fixed such that 

2A 2A 

e^>2e"^. (E.6) 

This partition isolates each soliton in the definition of K(^,s). It is shifted by A since 
K{^,s) may be zero for some Zj{s) ~ %(s) if ^j^j+i = ~1) giving rise to a singularity in 
\K(^, s)\P~^ , integrable though delicate to control. 
Consider some j = 1, k — 1. 

If ej = ej+i, then we have from (3.59) and (E.6) for all ^ G (%_i + A, Oj + A), \K{^, s)\ > 

2 2 2 

C{A) cosh~F^ (^ - Cj) and cosh~F^ (^ - Q) < C{A) cosh~F^ (^ - Q), hence 



cosh^l^^i^ -Q)\K{^,s)r^d^<C{A) f'^^ cosh-\i -Qd^<C{A). (E.7) 



If Cj = — ej_|_i, then K{zj{s),s) = with Zj{s) ~ 9j{s), which makes |^(^,s)|^~^ singular 
at ^ = Zj{s). For this we split the integral over the interval {Oj-i + A,Oj + A) into two 
parts, below and above 9j — A: 

- the part on the interval {9j-i + A, 9j — A) is bounded by the same argument as in the 
case ej = e^+i; 

- the part on the interval {9j — A,6j + A). Since we have from the definition (E.4) of 

k 

d^K{^, s) = — ^ Yl ^i^Mc - 0) cosh-i^-\e - 0), 
^ 1=1 
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it follows that for all ^ € {9j-A,9j + A), \d^K{^,s)\ > C(A)e~i^^^^"^^'^ = C{A)e~^^=^ 
for some C{A) > 0, hence 

Therefore, since for ah ^ G {9j - A, dj + A), cosh~^(^ - Q) < C{A) cosh"^(^ - (j) < 
C{A) cosh"^(6'j - Cj) < C{A)e~ 'p-i ' , it follows that 

Jdj-A JOj-A 

< C(A)e-(^^+i"^^) (E.8) 

because Zj(s) ~ 9jis) as s ^ oo. Therefore, (v) follows from (E.5), (E.7) and (E.8). ■ 
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